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Abstract monomorphisms of sufficiently ““full” subgroups of some groups of
type B, in characteristic 2 into other groups of type B, (over any characteristic)
are considered and described. The result is that they are induced by a semi-
algebraic special isogeny. The proof uses the method of O. T. O’Meara as
well as some other technique.

0. INTRODUCTION

0.1. We show below that standard results, see, e.g. [2, 14], hold for mono-
morphisms between big subgroups of some groups of type B, . The main part
(Section 4) of the proof is straightforward although tedious, and does not use any
new ideas or techniques. In this part of the paper we use identification of adjoint
groups of type B, defined over a field & with orthogonal groups of a quadratic
vector space V over k of dimension 5 and defect 1 (recall: char £ = 2). Our
assumption is that 7 contains a regular hyperplane with Arf invariant 0. In
algebraic group terms it can be formulated as follows: there exists a one-dimen-
sional k-torus 7" in G such that the semi-simple part of Zy(T) is a group of
type 4, generated by root subgroups corresponding to long roots. This assump-
tion is satisfied if G is split over k or is anisotropic and split over a separable
quadratic extension of &.

0.2. Let us now state our result. Let & be an infinite field of characteristic
2 and let V be a quadratic vector space over &, of defect 1, dim ¥V =5, and
G = SO(V). A subgroup H of G(&) is called big if for every singular k-torus
T C G the intersection 7'M H is infinitc. Let & be another field, let 77" be a
quadratic space over &/, of defect at most 1, dim V" = 5 and G" = SO(I").

* Supported by an NSF grant.

204
0021-8693/79/090204-19$02.00/0

Copyright © 1979 by Academic Press, Inc.
All rights of reproduction in any form reserved.



MONOMORPHISMS OF GROUPS OF TYPE B, 205

0.3. MaiN THEOREM. Suppose that V contains a regular hyperplane with
Arf invariant 0. Let oz H— G'(R') be a monomorphism. Then there exists a
unique field homomorphism @: k— k' and a unique special k' -isogeny B: °G — G’
such that o{h) = B(¢%k)) for ke H.

Here, in the statement and notations, we follow [2]. In particular G stands
for p(k)-group obtained from G by base change ¢ and ¢ G(k) — *G(gk)) is
the corresponding homomorphism of the group of 2-rational points. An isogeny,
we recall, is special if its differential is not identically zero (cf. [2, Sect. 3]).

0.4. The history of the study of homomorphisms between orthogonal groups
is roughly as follows. J. Dieudonné [7, Chap. IV] studied automorphisms of and
isomorphisms between isotropic orthogonal groups. Next M. J. Wonenburger
[18-21] extended his results on automorphisms to full orthogonal groups of
degree 2> 7 in characteristic s 2, but the groups were permitted to be anisotropic.
Then in 1968, O.T. O'Meara [14] introduced his method of residual spaces. He
and his school used this method to study isomorphisms and automorphisms of
many subgroups of orthogonal groups (including some congruence subgroups),
see [8-15].

But O’Meara’s result did not include characteristic 2. Connors [3-6] extended
the theory to characteristic 2 using a blend of O’Meara’s method and the
method of involutions. For isotropic groups a recent paper [11] by A. Hahn
deals with the isomorphism problem of “large” subgroups. However, in all
these papers only isomorphisms are considered.

The only paper which treats arbitrary homomorphisms is Borel and Tits [2].
They consider (among others) isotropic orthogonal groups and subgroups
therein containing all groups U(k), U a unipotent radical of a k-parabolic.

0.5. We proceed as follows. We denote by Y the set of singular k-subtori of G.
The set Y is a disjoint union of two subsets Y; and Y, where Y, (resp., V)
consists of 7€ Y such that the roots of G lying in Z4(T) are long (resp., short).
As we noted before our assumption on G is that V; s ¢. If o: H — G'(%) is a
monomorphism one shows that o gives rise to an injection &: Y — V' where ¥’
is the corresponding objeet for G. It turns out that either (V) C ¥, or (V) C
Y. We consider first the former case. Then we identify elements of ¥, with
regular subplanes of ¥ and for regular subplanes belonging to a fixed (but
arbitrary) regular hyperplane N of V' with Arf invariant 0 we can describe in
group terms when two regular planes belong to a three-dimensional subspace of
N. This permits one, using standard arguments, to define a monomorphism
of the projective space of N into a similar thing in V’. We apply the fundamental
theorem of projective geometry to this map and then show that the field homo-
morphisms corresponding to different N’s coincide with some @: & — %" and
the semi-linear maps agree: This permits us to glue these semi-linear maps
together and obtain a semi-linear map ¥V — V', Then we show that it gives
rise to an isomorphism f: *G — G
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Next we consider the case &(Y;) C Y, . To deal with this case we take a third
group G” of type B, split and adjoint over £ and consider a special inseparable
isogeny v: G' — G which inverts lengths of roots. We apply our previous
result to vo o and then using certain pull-back procedure and results of our
paper [17], we establish the Main Theorem in full generality. This place is the
only one where we use a trick.

0.6. Conventions and notations. We denote by A (%) the set of rational points
of an algebraic variety M defined over a field & Sometimes we write M, to
indicate that M is defined over k. If ¢: k— £’ is a field homomorphism we
denote by M the algebraic variety over &’ obtained from M by base change ¢.
We denote by ¢° the corresponding mapping ¢°: M(k) — *M(k’). By an algebraic
group we understand a reduced affine group scheme of finite type over a field.
For an algebraic (resp., abstract) group G and an algebraic (resp., abstract)
subset M C G we denote by Zg(M), Ng(M), DM, C(M) the algebraic (resp.,
abstract) subgroup of G which is respectively the centralizer of M in G, the
normalizer of M is G, i-th derived group of M, the center of M. If G is as above
and M, ,..., M, are algebraic (resp., abstract) subgroups of G then (M ,..., M,>
denotes the algebraic (resp., abstract) group generated by the groups M,,
7 = 1,2,...,n. If Gis an algebraic group then G° denotes its connected component.
If H is an algebraic group and T is a subtorus of H then Z(H, T) denotes the
set of roots of T in H. For a commutative group S we denote by S™, m e Z, the
group of m-th powers of elements of S. Eor a set X we denote by | X| its
cardinality. For a field & we denote by % its algebraic closure. An element « of an
algebraic group G is called here regular if it is semi-simple and regular. For a map
B: X— Y and Z C X we denote by 8| Z or 8 |z the restriction of 8 to Z.

If V is a vector space over k and M is its subspace we denote by PV and PM
the combinatorial projective spaces associated to ¥ and M and by P8 and
PiimM-1the algebraic varieties which are projective spaces associated to ¥ and M.
We always assume that canonically PM CPV and PHmM-1 C pdinr=1 7¢ 77
and M are as above we call M line, plane, hyperplane of V if respectively
dim M =1, dim M =2, dim M = dim ¥V — 1.

0.7. Recollections about quadratic spaces and orthogonal groups. General
references: [7, 13, 16]. We recall first that all adjoint groups of type B, defined
over a field £ can be realized as orthgonal groups of an appropriate 5-dimensional
quadratic space over &.

If V is a vector space over a field & with a quadratic form f we denote by F
the associated bilinear form. For a subspace M C V we denote by M~ the ortho-
gonal complement of M with respect to F. If M, N C V are two subspaces we
write M | N for the space M -+ N if the sum is direct and F(M, N)=0.
If M is a subspace of V we say that M is regular if dim(M N M*) <1 and
J(M n M*) 5= 0 in the case M N M+ 5£ 0. The integer dim(M N M*) is called
the defect of M. If char & = 2 then for a regular even-dimensional subspace
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M C V we denote by q(M) the Axf invariant of M. A hyperplane N C V is called
here admissible if it is regular and g(N) = 0.

We consider regular S-dimensional space V' over a field & with char 2 = 2.
In this case dim M — dim(3 N M) is even for any M C V. In particular,
defect V' = 1.1If M is a plane, M C V, then either M N M* = Q or M C M*. If
M is a 3-dimensional subspace of ¥ then either M C M* or dim M N M+ = |,
If M is a hyperplane then either M N M* = 0, or dim M N M+ = 2 (the case
M C M+ would imply that ¥ is not regular). If N is a regular hyperplane in 7
and M C N, dim M = 3, then M is regular since the case M C M+ would
contradict regularity of N. In particular, if N, N, N # N, are two regular
hyperplanes then N N N is a regular 3-dimensional space.

We write SO(M)° although SO(M) = O(M) if char k=2 and SO) =
SO{MY if char &£ £ 2.

0.8. To conclude this introduction I record my sincere thanks to Edward
A. Connors with whom I discussed the subject of this paper on several occasions
and whose help and advice were essential for me.

1. Suscrour oF SO(V)

1.1. Let G == SO(V). We consider the set ¥ of one-dimensional k-subtori 7'
of G satisfying two properties: D2Z(T) 541 and T = C(ZAT)P°. If T is 2
maximal torus, containing T, then Z(Z¢(T), T) is a pair of opposite roots, say
{4a}. We write Te Y, if a is a short root and T ¥, if ¢ is a long root. Thus
Y=V, VY, Y,NY,;=¢ Wesaythat Te Y (resp. Te Y} is of short {resp.
long) type. If 7 is a k-subtorus of G then the representation of 7 on ¥V is com-
pletely reducible so that V =V7 | V. where V' ={veV|To=1v}. If
T e Y, then V; is a regular plane and T = SO(V;)9, so that T can be identified
with the group of rotations in the plane V.

1.2. Similarly, if M is a regular plane then the group SO(M)° can be considered
as a subgroup of G (since O(M) is generated by orthogonal transvections which
it contains). Then SO(M) is a one-dimensional k-torus. For every subspace NV
of ¥ such that F{N, N) # 0 we denote by Gy, the subgroup of G generated by
groups SO(M)" when M runs over regular subplanes of N. In particular, we
have Gy, = SO{M)® when M is a regular plane.

1.3. Lemma. If N is a regular subspace of V then Gy == SO(N.

Proof. We remarked that it is true if dim N = 2. If dim N = 3 then SO{)®
is of type 4; and therefore it is generated by any pair of distinct tort it contains,
so Gy = SONYP. If dim N ==4, then we take two regular 3-dimensional
subspaces My, M, in N such that M, s£ M, . Then GyD Gy, » Gy, and clearly,
Gy » Gy = SOWV).
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1.4. ProposITION. The correspondences T€ Y, — Vi and M — G,,, where
M is a regular plane, are inverse to one another and they establish a bijection
between Y, and the set of regular subplanes of V.

Proof. We actually mentioned all necessary ingredients of the proof. But
let us repeat them. Let TeY,. Then V= VT @ V; is a direct orthogonal
sum whence it follows that V7 is a regular plane. Then 7'y C .SO(V7)° and
since dim T = dim SO(V;) =1, we have T = SO(V;)%. Now G,, is a one-
dimensional k-torus and Z(Gyy) 2 Gpe . Since M+ is regular, Gy is of type 4,
whence Gy, € Y. It can be checked that Gy, is of type Y .

1.5. LevmMa. The correspondence N — Gy defines a bijection between regular
3-dimensional subspaces of V and k-subgroups of type A, of G whose maximal
k-tori belong to Y .

Proof. We know that Gy is of type A; and its maximal k-tori belong to Y .
Let G, be a k-subgroup of G of type A; whose maximal k-tori belong to ¥
and let Ty, Ty, Ty + T, , be two such tori. Then Gy = (T, T;> and on the
other hand by definition {7y, T,> = Gy where N = VT1 + Vr, . Ifdim N >3
then Gy is not of type 4, , a contradiction.

1.6. Remark. There are two different kinds of regular 3-dimensional sub-
spaces N of V. If ND V™ then Z5(Gy) 2 Gy is again of type 4y and G C
Z(DZy(Gy)) for all ¥ = 0. If NN V*+ = 0 then F(N*, N1') = 0 and therefore
D2Z;(Gy) = 1. This later fact is one of major obstructions to a standard proof.

1.7. LemMa. Let N be a regular 4-dimensional subspace of V. Then ¢(N) =0
if and only if Gy contains a subtorus T e Y. If Gy contains such a subtorus then
Gy = ZHT) - Zo(DZ(T))°.

Proof. We know (by [16, Corollary 5]) that ¢(N) =0 iff Gy is an almost
direct product of two k-groups of type A4, . Suppose first that ¢(IN) = O then
Gy =G, -Gy, [Gy, G,] =0. Take for T a maximal k-subtorus of G; . Then
Z(TY =T":G,, DZ(T) = Gy, Zs(DZy(T)) = G, . This shows that Te Y
and that the last assertion of 1.7 holds. By 1.4, T'¢ Y,, ie., TeY;. If, on
the contrary, Gy contains a torus TeY;, then Zg(T)° = Zg (T)° and we
easily derive that Gy = Gy - G, whence ¢g(N) = 0.

1.8. LemMa. Let TeY, and set Gy = Zg(T)" - Zo(DZg(T))®. Then there
exists a regular hyperplane N of V with q(N) = 0 such that G| == Gy, .

Proof. 'The group G is a group of type A, X A;. It preserves the space
V5 so that G, C SO(V)°. But SO(Vy) is of type 4; X A, since dim Vy = 4.
Therefore Gy = SO(Vy). Now q(Vr) = 0 by 1.7. So our assertion holds with
N == VT .
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1.9. Lemwma. Let N be a regular hyperplane of ¥V and M C N be a vegular
3-dimensional subspace of N. Then Gy, is a maximal connected algebraic subgroup
of Gy having the properties: Gy, contains a subtorus from Y, and Gy, does not
contain vegular elements of G.

Proof.  Clearly Gy does have the above properties. Suppose that it is not
maximal. Then there exists Te V| such that T ¢ Gy; but (G4, T> does not
contain regular elements, This is absurd since (G, T> = Gy .

1.10. Lemma. Let N be a vegular hyperplane of V and ler G, be a maximal
connected algebraic subgroup of Gy which has the properties stated in 1.9, Then
there exists a regular 3-dimensional subspace M of N such that G, = G, .

Proof. Let Rbethesetof Te YV suchthat TC G, . Then G, 2(T, Te R).
Therefore Gy 2 Gy where M =35 p V. 1 dim M = 2 then G is not maxi-
mal. If dim 34 = 4 then G, does contain regular elements. So dim M = 3,
Since M 2 V; we see that the defect of M is at most 1 so M is regular. Thus
Gy 2 Gy, with M regular, dim M = 3. Since such a &, is maximal connected
in Gy , we have Gy = G, as asserted.

2. Species oF ToOR:

2.1. Dervimion. Let 7, TVe Y. We write T ~ 7" (and say that 7 and 7’
are of the same species) if there exists a sequence T}, = T, 7, ,..., T, = T with
T;eY such that [T, Ty4] 561 and (T, T,,;> does not contain regular
elements (for i =1, 2,..., n — 1),

2.2, Lemma. IfTyeY,, Tye Y, then (T, T,) does contain regular elements,

Proof. Let Gy = (T}, Ty>. Let T be a maximal torus of G,. Then T} is
conjugate in Gy to a subtorus 7, of T'. Since T} is not conjugate to T}, in G we see
that 7 =+ T, whence dim 7} - T = 2, i.e.,, dim 7 = 2, i.e., G, contains regular
elements.

2.3. Cororrary. If TyeT,, Tyc Y, then Ty and T, are not of the same
species.

24, Lemmva. IfT, T'eT then T ~ T,

Proof. Let M=V,, M =Vy. It F(M, M) 0 we choose ve M,
v’ e M’ with Fv, ¥') 52 0 and set M; = M, M, = kv - ko', M, = M. The
plane M, is regular by construction and M, , M, are regular by Proposition 1.4.
Hence T; = Gy, € Yoand Ty = T, Ty = 1" by 1.4. Therefore N; = M; + M,
and N, = M, + M, are regular 3-dimensional spaces. Therefore Gy, =
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{1y, Ty and Gy = (T, T5) donot contains regular elements (cf. Lemma 1.5).
Thus Ty, Ty, T is the desired sequence.

If F(M, M’) = 0 then choose a regular plane M” such that F(M, M") # 0
and F(M", M) # 0. The argument of the previous paragraph applies to pairs
M, M” and M", M’'. Since ~ is a transitive relation, our assertion follows.

2.5. Cororrary, LetTeY,andT' e Y. Then T~ T if andonly if T'c Y, .
Proof. Combine 2.4 and 2.3.

2.6. Remark. 'Thus we know that tori of short type form a single species
and tori of different length type belong to different species. We do not claim
however, that tori of long type form a single species.

3. Bic SuBGROUPS

3.1. DerinrrioN. A subgroup H of G(k) is called big if T H is infinite
forany T'e Y.

3.2. Remark. 'Theabove says that TN H is Zariski dense in 7. This permits
one to identify ¥ with a set of subgroups of H. We shall use this identification
as a matter of convenience.

3.3. To express in abstract group terms different statements of Sections 1 and
2 we need simple density arguments which we record below.

Levva. Let G be an algebraic k-group and let Gy, G,,...,G,, be closed
algebraic k-subgroups of G. Let H be a dense subgroup of G and let H; be a dense
subgroup of G; .

(1) If H; is novmal in H then Gy is normal in G and H[H N Gy is dense in
GG, ;
() Ze(Hy) = Z5(Gy) and Zy(Hy) = Z5(Gy) N H;
(i) IDF¥H is dense in DG}
(iv) if G is connected and reductive then D'H is dense in DG for all i > 1;
in particular, if G is not a torus then D'H £ 1 for i > 1;
(v) if Gy is connected and reductive then Zy(D'H)) = Zy(DH)) = H
Zo(DG,);
(vi) <Hy,..., H,) is dense in {Gy ,..., G,,);
(vil) #f G is not unipotent, H contains a regular element of G of arbitrary
large order.

Proof. In(i)itis clear that G, is normal in G. Let G be the closure of HG, |G,
in G/G, . Then the preimage of G contains H whence G == G/G, . The assertion
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(it} is clear. Now (iii) follows from (i) if we take G, to be the closure of H, = DH.
Next, (iv) holds because DG = DG for 1 > 1 and because of (iii). Now (v) is
the combination of (ii) and (iv). To prove (vi) note that H, X H; X - X H;
is dense in G; ‘X G;, X - X G, whence the image of the first product in &
is dense in the image of the second. Finally, {(vii) holds since the set of regular
elements of order > n, is open in & and non-empty for any #, € Z.

3.4. In our case, when G = SO(V) we can slightly strengthen the assertion
3.3(vii). We need

. . 45 . 3
DrrinrTION.  An element x e G is called very regular if 5% is 2 regular
element of G.

Remark. 'The element x¥° is automatically semi-simple since #2 = 1 for
every unipotent # € G.

3.5. Lemma. Let M be either V or a vegular subspace of V. Let H be a big
subgroup of G(k).

(1) HnN Gy is dense in Gy s

(i) xe H is very regular if and only if Zy(x¥) is commutative.

Proof. By definition of bigness, H N Gy, is dense in Gy, for every regular
plane NC M. Thus (i) follows from 3.3(vi). The assertion (i} is not clear
only in cne direction. To prove it in that direction, assume that Z, (%) is commu-
tative. Tf #2° is not regular, then DZg(x%) is a group of type 4 . Therefore
T = C(Zy(x¥")) belongs to Y. Hence Zy(x2") 2 Zy(T) D DZy(T). But the group
DZy(T) contains all groups 7' N H where 77 runs over maximal k-tori of
DZ(T). Since these tori belong to YV and generate DZ{T") we see that DZ (T
is dense in DZ(T) and therefore highly non-commutative (cf. 3.3(iv)).

3.5.1. Remark. We implicitly used the fact that semi-simple elements in G
are not of order 2%, £ 2> 1. Therefore the centralizers of semi-simple elements
cannot have a maximal torus as a subgroup of finite index #, n 2> 2 (because
such situation occurs only for elements of order 2.)

3.6. Lemma. Let H' be a subgroup of H and let G’ be the closure of H' in G.
The group G’ contains vegular elements of G if and only if H' contains very regular
elements.

Proof. The group G’ contains very regular elements if and only if it contains
regular ones. If it contains regular elements then the set of very regular elements
is open in G’ (it consists of regular elements whose order is > #, for some
#y € Z). Therefore H intersects non-trivially with this set.
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3.7. Prorosrrion. A subgroup S C H belongs to Y if and only if it has the
Jollowing properties

(1) S is commutative, infinite and of unbounded period,
(i) S = C(Zx(S™) and DH{Zp(S™)) == 1 for amy i = 0 and any m > 1.

Proof. If SeY then S = TI'n H for some TeY and so it is infinite and
commutative by condition. It is of unbounded period since the only torsion
subgroup of T(k) =~ k* is the group of roots of unity. Now the group DZ(T) is
of type A, and therefore it is generated by k-tori which it contains. These A-tori
belong to Y and therefore have dense intersection with H. Using 3.5(vi) we see
that H m DZy(T) is dense in DZ(T) whence (ii).

Suppose on the contrary that S satisfies (i) and (ii). Let G, be the Zariski
closure of S™in G. The group G, is commutative and therefore G0 = Ty, x U,
with T}, a torus and U, unipotent. Clearly Gy 2 G,, whence it follows that
Gy, == Ty, if 25 | m. By (i) we have DZ,(T,,) is non-commutative and therefore
of type A, . This would show that .S € ¥ once we show that 7T, is defined over 4.
This follows from [1, 10.3] since S™ consists of semi-simple elements and S C
G(k).

3.8. ProposiTioN. Let S, S’ € Y. The following ave equivalent

(1) There exists a sequence S = S, , Sy, S, = 8" with S;€ Y such that
[8:: Sl 55 1 and (S;, S;> does not contain wery regular elements for i =
Ty 2t — 13 '
(i1} the closures of S and S' ave of the same species.

Proof. If (i) holds then (i) follows from 2.5. Assume that (i} holds
Let T, be the closure of S;. Then Ty e Y and [T, Ty 3] = 1. Now (T, Typp>
does not contain regular elements because of 3.6 and therefore 7y ~ T, as
required.

3.9. Lemwma. Let H; be a subgroup of H. The following are equivalent

(1) There exists Se¥Y,, SCH; such that H, = Nyz(H,) where Hy; =
Zy(S) - Zg(DZy(S))
(i) There exists an admissible hyperplane N in V such that Ny(Gy) N H =
H,.
Proof. Clearly (i) implies (ii) (take into account 1.7, 1.8). To prove that (ii)

implies (i) we note that by 1.7 there exists T'e ¥; such that Gy = Z5(T)° -
ZA{DZA{ Ty Thus H, is normal in Ng(Gy) N H whence our assertion.

-3.10. Levva.  Ler N be an admissible hyperplane of V. Let H; be a subgroup
of N(Gy) ™ H. The following are equivalent:
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() Hi = Ny c)nulGy) for some regular 3-dimensional subspace M
of N;

(i) Hy is a maximal subgroup of No(Gy) N H which does not contain very
regular elements but does contain a subgroup S€Y,.

Proof. 1t follows from 3.6 and 1.9.

3.11. Now we sum up our achievements. To do this recall that we can identify
Y, with the set of regular planes in V (by 1.4). Now using 3.9 we can, given an
admissible hyperplane N C I decide whether a regular plane Vg, Se¥,,
belongs to V. Then using 3.10 we can decide whether two regular subplanes of
N belong to one regular three-dimensional space. All this is done using abstract
group terms.

3.12. Remark. Note that we have no means to describe what is a plane or a
three-dimensional space in inner terms of the group H N Ng(G,).

4. MonomoRrHISMS PRESERVING LENGTHS OF Roors

Let & be another field and let G’ be an adjoint algebraic group of type B, over
k. We identify G’ with SO(V") where V" is a quadratic vector space over £ of
dimension 5 with quadratic form f’ and associated bilinear form F'. Let V', ¥V, ,
Y| be the sets of tori defined for G” as in 1.1. Note that 1.1-1.5 as well as Section 2
have sense and hold in all characteristics,

From now on we make the following

4.1. AssuMPTION. V contains an admissible hyperplane {(or, equivalently,
Y, % ¢).

Let H be a big subgroup of G(k) and let a: H — G'(k') be 2 monomorphism,
For Se Y let H(S) = DZy(S) and Hy(S) = Zy(DZ,{(8)). Both these groups
are dense in groups of type 4; and therefore for any subgroup H,(S)C H(S)
of finite index we have DmH(S) 5 1 for i = 1, 2 and any m > 0. Denote by
&(8), Go{S), G{S) the connected components of the Zariski closures in G of
o S), a(H(S), «(Hy(S)). These groups are closures of subgroups of finite index
in o .S), ol H(S)), o Hy(S)) respectively.

4.2. Levma. For Se 'Y the groups G(S) and G(S) are commuting subgroups
of type A, in G'.

Proof. We have D"Gi(S) = 1 for any m > 0. Therefore the groups Gy(S)
are not solvable. But any pair of non-solvable commuting subgroups of a group of
type B, is a pair of subgroups of type 4, , whence our assertion.
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4.3. LEmMA. (i) char &' =2
(i) There exist two groups S, S€'Y having different length type such that
aSe¥;, AS)eY;.

Proof. Let N be an admissible hyperplane of V. Let T'¢ Y, be such that
Gy =Zs(T) Zg(DZ(T))P. Let S=Tn H. Then the groups G{(S) are
closures of subgroups o(H,(:S)) of finite index in oH,(S)). Recall that every
unipotent in Z5(T')° and Zo(DZ(T))° is of order 2. Consider in G; the set X
of semi-simple elements of order > 2. Then X] is open and therefore o H,(:S)) N
X+ . Let ofx) e a(Hy(S)) N X7 . Then x is semi-simple, Therefore Z(x)
is defined over % (cf. [1, 3.10]). Hence T} = C(Z4(x)) belongs to Y; (we have
DmZg(x) = 1 for all m > 0 since Zg(x) 2 DZ(T)). We have, of course, that
&(Ty N H)e Y’ since ofw) is regular in Gy(S). Let Sy = Ty N H. Then G§(S) =
Gi(Sy) for i =1, 2. Set Ty = &(S).

Let now M be a regular 3-dimensional subspace of N and H = HN Gy, .
Let G be the connected component of the closure of o) in . The group G’
is not solvable, since H is dense in a group of type 4, . Next, since we have for
any x & H that DmZ,(x?) 1 for m >0, it follows that G does not contain
regular elements of G'. On the other hand, by density argument there exists
y e H, 32 # 1, such that o ) is regular in G’. Then y is semi-simple (in G). Let
T; = C(ZeAA ), Ty = C(Zs(y)) = Z6, (), Sy = Ty v H. By construction,
Tye Y,.If Ty is of the same length type as 7Y then Gy(S) - Gy(S) = Zo(T4)* -
Zo(DZs(Ty))® and Z(T,) C Gi(S) - Gy(S) whence Zy(y) C H N Gy, whence
Z5,(¥) C Gy, which is false. Thus 7, is of the different length type. This
proves part (ii) of our Lemma,

Suppose that char k& = 2. Then the only groups of type 4; X A, in G’ are of
the form G- for some regular hyperplane N’ C 7. Thus G4(S) - Gi(S) = Gy
Thus Ty € Y, whence Ty Y, . Then DZg(T,) = G, for some 3-dimensional
subspace M’ C ¥V’ and we have D2Z;(G;;.) = 1 (in characteristic # 2). But
for S, we have: D"Z,(DZ4(S,)) # 1 which is a contradiction with the inclusion
ZA{G1y) D A Zy(DZy(S,))). This proves (i).

44. Levva. (i) If Se Y then a(S)e Y7,
(i) If Sy, See Y and &(S)) = &(S,) then S; = S, ,
(il) if Sy, S, €Y are of the same species then so are G(Sy), &(Sy),
(iv) if SieY,, Sye Y, then &(S;) and &(S,) are of different length type
(and, in particulay, of different species).
Progf. Take xS such that #2° == 1. Then of#2”) = (o(%))?" is a semi-
simple element of G'(%'). Since by 4.2 we have that D"™Zg(a(x®")) 5 1 for

m 2= 0 it follows that 7" = C(Zg-(a(x%))) is a one-dimensional %'-subtorus of G’
and 7' e Y". Cleatly, T' D ofS). This proves (i).
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Now (ii) is clear since if a(S;) = &(S,) then [S;, S;] =1 and Zyx(5) =
Zy(S,) whence S; = S, .

To prove (iii) it is sufficient to show that if S5, S, € V are such that [S; , S,]
1 and (S;, Sy does not contain very regular elements of H then [&(S5), a(S,)] +#
1 (it is evident) and <{&(S;), &(S,)> does not contain regular elements of G’ {cf.,
2.1 and 3.8). Since (.S, , S,> does not contain very regular elements we have that
D Zg(x%) 1 for all x € {Sy, S,> and all m > 0. But if ((S,), &(S,)) contains
a regular element then their set is open and therefore, by 3.3(vi), (vil), there
would exist x e (S;, S, such that Zg((a(x))?") is commutative. This is a
contradiction.

Let us prove (iv). It was actually proved in the proof of 4.3(i1). Namely, it
was shown there that there exists Se Y, S C Z4{(S)° - Zo(DZ(S,))° such that
&(S) and &(S;) are of different length type. By 4.4(iii) above we have that &(S)
and &(S,) are of the same length type whence our assertion.

4.5. CoroLLARY. The map & Y — Y' is injective and we have either
HY)CY,andA(Y)CY,or (Y )C YV, and ((Y)C Y.

4.6. We assume for the remainder of this Section that &(V,)C VY, and
HY) C Y. The case 3(¥,) C Y, will be considered in the next Section. Our
use of the assumption &(Y,) C V', is based on the fact that Y, (resp., ¥,) can be
identified with the set of regular planes in V (resp., in V"), cf. Proposition 1.4.
Thus & can be considered as a map, denoted &, , from the set of regular planes of
V to the set of regular planes of V.

4.7. Lemma. Let N be an admissible hvperplane in V and let M be a regulay
hyperplane in N. Then there exists an admissible hyperplane N' in V' and a regular
hyperplane M’ of N' such that the connected components of the closures of (G N H)
and oGy N H) are Gy, and Gy, respectively.

Proof. The fact that there exists such an N’ follows from the assumption
HY)CY,, Lemma 4.2 and, for ¢(N') =0, from Lemma 4.2 and [16]. The
existence of M’ was implicitly established before. Let us repeat the corre-
sponding argument. Let G’ be the connected component of the closure of
®(Gy N H). Then G’ is not solvable, it contains tori from Y, and does not
contain regular elements of G’ (otherwise Gy N H contains very regular
elements of H). The only possibility for a group with these properties is that
G’ = G,,. for a regular hyperplane M’ of N'.

4.8. CoroLrary. (i) & determines a map &, of the set of admissible hyperplanes
of V to a similar set in V'

(it) & determines a map 3y y of the set of regular 3-dimensional subspaces of
an admissible hyperplane N to the set of regular hyperplones of (N ).

481/60/1-18
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4.9. LeMMA. (i) &, s an injection,
(1) &y y 75 an injection,
(i) if N is an admissible hyperplane of V and M, , M, are regular 2- and
3-dimensional subspaces of N then M, C M, if and only if &(M,) C Gy (M),

Proof. Let us start with (iii). If M, C M, then Gy, C (\, and ("” NHC
Gu, N H, hence oGy N0 H)C oGy, N H). Therefore if M, C Jlla then
aq(Mr,) C &,, x(M,). Suppose now that & 2(11/12) C & y(M;) but M, ¢ M, . Supposc
that there exists a regular hyperplane A7; in N such that &, o(M,) % & y(My)
and M; D M, . Then ay(My) = Gy y(M3) N Gy n(M,) whence M, C My N M,
as required. Therefore we have to assume that for every regular hyperplane
N, of N with M, D M, we have &y y(My) = & y(My).

Let us now show that, for any regular plane M, C N, one has &,(M,)C
&3 (Ms). This is clear if M, C M, . So assume that M, == kx - ky with x ¢ M, .
Then the preceeding argument shows that @, (M, + kx) == G, \(M,). Let M,
be a regular plane in M, + kx containing x, M, s M, . Then we have &,(M,) C
& v(M;) but M, & M;. Therefore (again by the preceeding argument)
&g, MM, - ky) = &, n(M,) whence &y(M,) C &y n(M,). In group terms it says
that &(Ggz N H)C G, (s, for all regular planes M, C N. Therefore Go;,,(m
normalizes G V(M) 0 a contradiction.

Let us pr()ve (11) If M,, M, are two regular hyperplanes in N such that
&y (M) = &y (M) but M, # M, then there exists a regular plane M, C M,
such that M, ¢ I and we can apply (iii) to get a contradiction.

Let us prove (i). If N, N, are two admissible hyperplanes and ay(N) = ai(N’)
let us write almost direct products Gy = Gy * G,, Gz = G, - G,, G'« ) =
G, -G, with G,, G,, G;, G,, G,, G, of type 4;. Let TCG,, TeY,.
'Then G, = DZ(T) whence G; == DZs(&(T N H)) whence G,C DZ(T).
Thus G, = G, . Similarly, G, = G, , i.e. Gy == Gy, i.e. N =N. This con-
cludes the proof of the lemma.

4.10. LemMa. Let My, M, , M, be three pairwise different regular subplanes
of an admissible hyperplane N of V. Then dim(M, N M, N M) = 1 if and only
of dim a(My) N &,(M) N (M) = 1.

Proof. Suppose first that dim(M; N M, N M) == 1. 'Then by 4.4(ii) and
4.9(ii1) we get that a,(M,) N &(M;) is a line for 7 -/ j. Let R -—= M, -- M.
Then R is a regular hyperplanc of N. Suppose first that M, ¢ R. Then
dim(M; " R) =1 and by 4.9(i) dim(&M,) N & y(R)) — 1. Therefore
(M) O (M) == ap(My) N g y(R). Thercfore (M) N &,(M,) N G(M,) ==
(M) N &, y(R) is a line as required. Now consider the case M; C R, Then
there exists a regular plane M, such that M, C N, M,D M, n M, M, but
M, M, +M,=M, + M, — - M, . Apply the preceeding result to the
triples (M, , M, , M), (M,, IW] s 1143) (M,, M, , M,) and obtain the result in
the full generality.
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Suppose now that ay(M;) N &(M,) N &(M;) is a line. Then R}, = &,(M,) +
(M), i #4, 4, § =1, 2, 3, is a hyperplane of N’ = &,(NV). By 4.9(iii) we see
that R;; = M, -+ M; is a hyperplane of N. Therefore L;; = M, N M, , i 3,
is a line. If two of L;; coincide then they coincide with the third one. So assume
that all L;; are distinct. Set R =L, + Lyy + Loy = M; -+ M, + M, . Then
by 4.9(iii) we have a(M;) C &5 y(R) = Ry, = Ry, . Now find a regular plane
M, in N such that M; D Ly, but M, € R. Then a(M,) ¢ Ry, but M N M, 0
My M s a line. We have Ly, = M, N M, 1 M, . On the other hand since
& M) N &(My) N ay(M,) is a line but M, ¢ R = M, + M,, we must have
(to avoid a contradiction with the above argument) that M, " M, N M, is a line.
But then MNnM,NM,=MnM,=M nNM;NDM, whence L, =
My My=Myn My, My M, a contradiction with the assumptions.

4.11. CorOLLARY. For regular planes M, M, C N, dim{M, 4 M) =3,
dim N =4, N admissible, set &; ({(M; N M,) = &,{3) N &(M,). Then &y 4 15
a map of the set of lines of N into the set of lines of N'.

4.12. Lemma. &y PN — PN’ is an injection.

Proof. Suppose & (My N M) = & (M, 0 M) with M, CN,
dim(M, -+ M,) = dim(M,; + M,) = 3. Then it means that (M) N~
ap(My) = ax(Mj) N &p(M,) whence dim(G(My) N dx{ M) N (M) N Gy(M)y)) =
1. Now 4.10 implies that M, N M, = M, " M, .

4.13. Remark. We are trying to reduce everything to the fundamental
theorem of projective geometry. It would be probably easier (although less
explicit) to use Dieudonné’s Theorem [7, IIT, Sect. 2.

4.14. LemMA. Let L be a line and let R be a regular three-dimensional subspace
of V. Suppose theve exist two admissible hyperplanes N, N of V such that R,
LCNNN. Then dg5(R) =& 5(R), & y(L) =& 5(L) (where equality is
considered as equality of subspaces of V" or, the same, of &, (V).

Proof. 'The assertion for &; y is clear because of 4.9(i1) and (iii). To prove the
assertion for & y recall that Ry = N N N is a regular hyperplane of N and .
Take in Ry two regular planes, say M , M, such that L = M, N M, . Then by
definition & (L) = &(My) N a(M,) = &, 5(L), as required.

4.15. CororrarY. There exist well defined injections
(i) . &;: of the set of regular 3-dimensional subspaces of V contained in admissible
hyperplanes of V into the set of 3-dimensional subspaces of V';

(it Gy: of the set of lines contained in admissible hyperplanes of V into the
set of lines of V'
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4.16. LemMA. Let N be an admissible hyperplane of V and let Ly , L, , L, be
three lines of N. Then dim(L, 4 Ly + L) =2 if and only if dim(&(L,) -+
&iLp) + d(Lg)) = 2.

Proof. Assume first that M =L; + L, 4+ Ly is a plane. Take two regular
hyperplanes R, , R, of N such that R, N R, = M. For line L; we find in R; a
regular plane M;;, i =1, 2, 3, =1, 2, such that M; 2L, j=1, 2. Then
(L) = (M) O &o(M;p) whence &(Lg) Cay(Ry) N Gg(R,). Since &(Ry) #
ay(R,) (by 4.9(if)) we have dim(&y(R;) M ay(R,)) == 2, whence our assertion.

Suppose now that M’ = q,(L;) + a(L,) + o{Lg) is a plane, but R =
Ly + L, + L, has dimension 3. Find a line L C N; L € R, such that the planes
M, =L;+ L were regular and R, =L, +L,+L R, =L,g+ L; + L.
Then ay(My), ay(M,) C &(R,) and ag(M,), ay(M;) C ag(R,). Therefore &(L,),
&(Lg) C a3(Ry) and &y(L,y), &{Ls) C &y(R,). Hence (since & (L;) are pairwise
distinct by 4.12) we have M’ C &(R,) N &(R,). Since R, N R, = M, , we have
M’ = &y(M,). Let M; be a regular plane, M7, C N, M;DL,, M, # M, . Then
for any 7 =1, 2, 3 the planes a,(M,), &(M,) are contained in a regular 3-
dimensional space whence the same holds for M, , M, (by 4.9(ii)), i.e. L, =
M, "M, is a line. But we have &(L;) = &(M;) N &(M;) = &(L;). Thus
L, = L, (by 4.12) and therefore L, - L, -- L, C M, , as required.

4.17. CorOLLARY. For an admissible hyperplane N of V we have: &: PN —
P&y(N) is an imbedding of projective spaces respecting incidence structure.

4.18. COROLLARY. For an admissible hyperplane N of V there exist a unique
field homolorphism @y: k— k' and a unique k'-isomorphism of algebraic varieties
By: NP3 > P (v, such that &y = By o oy® on Py3(k) ==

4.19. Lemva. If N, N are two admissible hyperplanes of V then oy = oy .

Proof. We have dim(N N N) = 3 and by 4.14 &, induces a map of projective
spaces P(N N N)— P(&(N N N)). By unicity statement in the fundamental
theorem of projective geometry, we have gy = gy as claimed (and also
By | “Phay = By [ "Pian)-

4.20. Notation. ¢ = py .

4.21. Let N and N be as in 4.12. Let us define By, &t Pyt — P4 in the
following way. Let By: PN —G,(N) be a linear map whose projectivisation
is By . It is defined up to a multiplication by an element from (k). Since
by the unicity statement in the fundamental theorem of projective geometry
,BlemeN—BN[‘PPNnN we infer that there exists a constant Ay g€ @(k)
such that By /NN N) = An,w Bx) ‘P(Nr\N) We define a linear

maPﬂN & *V— V" by setting 18N &N = BN and BN §l°N = Av,w BN
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Clearly, this is a well-defined map. Let B, 5 be its projectivisation. Then
By, does not depend on choices of B and By .

4.22. Remark. By 5= PBxy-

4.23. LemmMa. By g does not depend on the choice of N, N.

Proof. Let N be a third admissible hyperplane in V. Consider first the
general case: NN N = NN N. We have By | °(N N N) = X 5B | ®(N " N)
and By !o(N N N) =Ay.5 Pyl (NN N) Since dim(N N N N 7\‘) = z >0
it follows from By | AN Ny=2dy 5 Bxl°(NNN)that Ay 5 = Ay 5 " Aps -
Therefore By v = Bx.5 , Whence our assertion.

If Nn N =N N then we choose a fourth admissible hyperplane N, in ¥/
such that the intersections NON,, NN N,, NN N, are pairwise distinct
{it is possible because of the density and general position argument.} Applying
the above argument to our three pairs we obtain the desired result.

4.24. Notation. 'The common value of By gy from 4.21 will be denoted f.
We denote by § the induced &'-homomorphism vPGL(I — PGL(V").

4.25. CorOLLARY. For any admissible hyperplane N of V we have () =
B{e™ (k) for he Gy N H.

4.26. CoroLLary. olh) = P(¢"(h)) for any h e H.

Proof. By 4.25 « coincides with f - ¢® on the subgroup H of I generated
by all groups Gy M H, N an admissible hyperplane of V. Since H is normal we
can apply {2, 8.10] and get the result. (The homomorphism 1 of [2, 8.10] is
trivial since C(G") = {1}.)

5. MonomorpHISMS INVERTING LENGTHS OF RooTs

Now we are going to complete the proof of cur Main Theorem by treating
the case (Y ) C Y, . To do this we do not need to represent our group as an
orthogonal group. Rather we use structure results of algebraic group theory.

5.1. Assumption. (Y )C Y,.

52. Let Ty €Y, and let T, be a maximal k-subtorus of DZ(Ty) (then
TyeY). Then T'=T, T, is a maximal k-subtorus of G. We know that
T, =aT)e Y, whence T = Ty - T, is a maximal subtorus of G’. Let G" be a
split adjoint group of type B, over &'. Then (using [2, 3.8, 3.9]) we can construct
a special k'-isogeny v: G’ — G” (denoted B, in [2, 3.8]) using 7" as T of [2, 3.8].
We set T = »(T"). Since v inverts lengths of roots we see that o; = v o a: H —
G"(R') preserves lengths of roots: o (¥Y,) C ¥ . Therefore 4,26 is applicable and
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there exist a unique ficld homomorphism ¢;: £ — &’ and a unique &’-isomorphism
Br: "1G > G” such that o,(h) = B,(@,%(k)) for ke H.

5.3. Since root systems 2(G, T'), 2(G’, T"), Z(G", T") are isomorphic we use
the same notations for elements of these three scts distinguishing them only by an
appropriate number of primes. If a € Z(G, T) we denote by U, the root subgroup
corresponding to root a. We can assume (cf. [2, 3.1]) that 8F: 2" — ¥ and »*:
QX" —> QX" are such that 8f(a”) = a and v*(a") = A(a) - p(a)’ where p: X — X
is a bijection permuting lengths of roots and A(a) - : 1 (resp., 2) if a is long
(resp., short). By our choice of T'=1T,-T,, T;eY,, the groups G(a) : -
(U,, U 4>, a long, arc defined over k. We have for them: «(G(a) N H)C
G'(p(a)) (because of our choice of notation and of the actions of 8%, v*).

5.4. To continue we need to recall the existence of a projective plane structure
(cf. [17]) on the set S(G) of connected one-dimensional subgroups of an algcbraic
group G of type 4, . The lines of this structure are of two kinds: parabolic
lines and involutorial lines. A parabolic line is the set of all connected one-
dimensional subgroups contained in a Borel subgroup. An involutorial linc is
the set of all connected one-dimensional subgroups such that all elements of
these subgroups are inverted by an involutive automorphism depending only on
the line. Since By(a) — B, | G(a): "'G(a) — G"(a") is an isomorphism for
ae 2(G, T), a long, and since Fr == v G'(p(a)’) - > G"(a") is the Frobenius map
for a long, we scc that B(a) induces an isomorphism B: *S(G(a)) - > S(G"(a"))
and » induces the Frobenius map Fr: S(G'(8(a)’)) — S(G"(a")). It follows from
o By o g% o - ve o that o maps subgroups of G(a) N H which belong to a
line into subgroups of G’(p(a)’) which belong to a line and that any set of sub-
groups which do not belong to one line is mapped into the set of subgroups which
d> not belong to a line. Thus ([17], 4.3.3) is applicable to the map «, 7: G(a) N
H— G'(p(a)). Therefore aqr(k) = Bur(gb (H) for heHO Gla) where
@i k->k is a field homomorphism and B, 7: “4TG(a) — G'(p(a)’) is an
isomorphism, with both 8, r and ¢, ; unique. Now since v: G'(p(a)’) -» G"(a")

depend on a maximal k-torus 7' {chosen, however, according to the procedure
described in the beginning of 5.2) and on a long root a € Z(G, T). Thus we
denote ¢, =¢. We have ¢, »= Fro¢. Since ¢, — Frog we can consider
B2 = By » Fr and we have o) == B, » ¢ on F. Now we again appeal to [2, 3.8] and
find a k-isogeny §: °G -> G’ such that B, — v ¢ 8. Since f, is an isomorphism and »
is a special isogeny we sce that 8 is a special isogeny. Since v is 2 monomorphism
on the set of points it follows that «(k) = B(¢%4)) for & & H. This completes the
proof of the Main Theorem.

5.5. Remarks. (i) The use of the results of [17] does not seem to be essential.
They are used only to establish that there exists a p-th root of ¢, . However, I do
not see any way to get it directly.
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(if) One can prove the same result assuming that only G’ (and not G) is
adjoint. It does not change anything, however, since in characteristic 2 the
central isogenies are injective on the set of points.

(iti) One can prove that G’ is actually defined over @(k) and that B is a
p{k)-isogeny.

(iv) Although we used the assumption that H N 7 is infinite for Te ¥V
it is quite possible that one can get through with a weaker assumption: HN T
contains more than two elements.

Note added in progf. The 3-dimensional subspaces used in the proofs of Lemmas 4.9,
4.10, 4.14 might be non-regular. The situation can be corrected by “‘general position”
argument followed by a specialization argument as 4.23 or the first paragraph of 4.10.
Another way to correct the situation is to drop the adjective ‘““regular” in relation to 3-
dimensional spaces in all proofs and statements of Section 4 starting with Lemma 4.8,
To justify this one should add

4.7. Bis Levma. Lemma 4.7 holds also when M is not regular.

Proof. The group G’ (in notation of 4.7) has the properties: it is solvable, noncom-
mutative, contains torl from Y, does not contain regular elements of G'. Therefore,
G’ = Gy, for some non-regular hyperplane M’ of N".
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