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Abstract homomorphisms with Zariski-dense iniage of the group of rationa

points of anisotropic almost simple algebraic groups over closed ﬁeius
izto other almost simple algebraic groups are dg,scrmev.. The result states,
in particular, that the kernel of such homomorphism is a congruence subgroup
of the original group.

0. INTRODTUCTION

0.1. We shali onsider fields more general than the real closed fields. Namely,
e F

‘he field K = k(\—l)l’" has no quadratic extensions.

i
R2. The guadratic form %2 -+ x% — 3® + z® does not reoresent zero

The examples of such fields are

(a) real closed fields,
{b} let K be any subfield of C closed under guadratic extensions, let & be
the fixed subfield of the complex conjugation.
We consider algeb aic semi-simple groups which are defined and anisotropic

over K. We call such groups admissidle. Using results and ideas of
[171, we obrain for such groups the simplest structural results {cf. Section 3).

As a parallel dev e;opment we prove in Appendix | a Ixnr‘geﬁberg g version of
the fundamental theorem of projective geometry and apply ir in Section 4 to

CT"

prove our rmain result for groups of type 4, . Then in Sections 5 nd § we combine

results of Sections 4 and 3 and obtain:
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0.2. Maix THeOREM. Suppose that G is absolutely almost simple, simply
connected, and admissible. Suppose that k' is another field and G’ an absolutely
almost simple k'-group. Let o.: G(k) — G'(k") be a homomorphism with dense image.
Then there exist

(1) aunique place p: R — k'; let A be its valuation ring;
(i) @ unique structure G4 of a semi-simple group scheme over A on G; we
have G () = G(k) in this structure.
(iii) @ unique structure of an algebraic o(A)-group on G';
(iv) a unique central o(A)-isogeny B of algebraic o(A)-groups, B: *G, =
G, R, ‘F(A) g G;(A)
such that

Ag) = BleNg)  for geGlk)

Here *G 4 can be roughly pictured as the reduction of G, modulo the maximal
ideal of 4 and ¢° can be pictured as the homomorphism of reduction considered
on points G4(A) of G, .

0.3. The most interesting features of the above Theorem are (i) and (ii). Thev
say that given a homomorphism we can find a subring in our field such that the
group is actually defined over this subring and such that our homomorphism is
actually the reduction modulo the maximal ideal of our ring. Of course, this
generality may be vacuous if our subring 4 is & itself. But if & is real closed and
non-archimedean, then we can take the subring .1 of % as the set of elements which
are not infinitely big in some fixed order. Then any admissible group will be
automatically defined over 4 (cf., B. Pollack [12] for a similar but stronger
statement or E. Artin [1, Chap. V, Sect. 3] for an example) and one can construct
non-trivial homomorphisms by taking the reduction modulo the ideal of infinitely
small elements in 4. Thus (i) and (ii) are not vacuous. It can be shown, however,
that 4 = k& if the kernel of « is in the center of G(k). On the other hand, it is
very probable that our subring A is always the ring of not infinitely large elements
of & (recall that it is known that our field is uniquely orderable, e.g. S. Lang
[9, bottom of p. 381]). So the degree of generality of our Theorem may be quite
restricted.

0.4. The next question which naturally arises is: why do we assume that the
field is real closed or something like real closed. To explain this we have to say a
few words about the proof. The proof for arbitrary groups G is based on the
validity of the theorem in the particular case of groups of type .4, . In this case
we proved in [18] that G" must be also of type A4, - In the case when G and G’ are
both of type A4, we have a projective plane structure on the set of connected one-
dimensional subgroups of G and G’ (cf. [18]) and « induces a ““map” x: P2(k) —
P2(E') which preserves incidence. In general, this “map” need not be everywhere
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defined (this is the reason for putting quotation marks arcund ‘“‘map’’}. Namely,
if a(H(k)j = {1} for some connected one-dimensional 2-subgroup H of G then
is not defined in the corresponding point of P?(k). However, in the case we
consider in the present paper. % is everywhere defined since ail connected one-
dimensional A-subgroups of G are conjugate in G(&) (cf. 2.1 below).

0.5. For an (evervwhere defined) map 3i:P%k)— P%%') which preserves
incidence an analog of the fundamental theorem of projective geometry holds ir
the form {cf. |8]): there exist a valuation subring .4 of %, an A-lattice JJ in the
underlying space I~ of P%(%), a ring homomorphism ¢: 4 — %', a map of
A-modules B: M — "' (V' is the underlying space of P*%’) made into zn
A-modules via @) such that & is the composition of § with aatura? projections.

0.6. There are, however, other reasons why our idezs may fail or lead <0
unmanageable considerations for other fields. One of them: is that generally we
can define our projective plane structure in abstract group terms only for adjcint
groups of tvpe 4, . For our fields % the difference between zacjoint and simpiy
connected groups of type A, is negligible (cf. 2.4 and 4.4.4 below).

C.7. Another much more conceptual difficulty is the foilowing. Suppose we
have a generalization of the Fundamental Theorem of Projeciive geometry to
maps whick are not everywhere defined (cf. 0.8(ii) below for a2 more precise
statement}. Then we get a local subring 4 of 2 and we have to define some
A-structure o G (which may not even be a group sckeme structure). I do not
know of any way to do that. In our case we get 2 strucrure of a semi-simpie
group scheme on G and that is easy to describe.

0.8. The above discussion suggests the following questions.

(i} Can one study order-preserving maps between Tits buildings? (For
split Tits buildings it seems to be easy.) Can such maps be used to describe
Bruhat-Tits buildings ?

(if) Can one use the full generality of Klingenberg’s paper [8] to get the
the results of the following sort: Let G be an absolutely simple aigebraic group
defined over z field & and let H be a big (in some appropriate sense) subgroup of
G(%). Let G’ be another absolutely simple algebraic group over a field & and iet
a: H — G'{k') be a homomorphism with a dense image. Then there exists a local
subring A T % and a structure of a group scheme over A on G such that H C G(4)
and a is a composition of a homomorphism ¢: A — & with a special isogeny 2
komomorphism ¢: 4 — &' with a special &'-isogeny £: G510 — Gy -

(iii) Can one combine the methods of this paper with methods of J. Tits [i6]
to get a description of all homomorphisms with dense image of our groups into
perfect algebraic groups ? If so, one will get a solution of a kind of congruence
subgroup problem.

(iv Let D be a central division algebra over &, 5" the set cf eisments of D
of norm 1, D the subring of D generated by D Is it true that D* has rormal
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subgroups if and only if B = D ? Do these normal subgroups correspond to ideals
of D (or even of D N (center of D))?

0.9. Wereferto[2, 6,11, 15] for a historical survey and to [10, pp. 255-259] for
a complete bibliography of papers on homomorphisms between algebraic groups
covering vears 1928-1975.

0.10. Concentions and noiations. For a field k satisfying R1, R2 we set
K = k((—1)'/?). The Galois group of Kover k acts on a = b - (—1)1/%,
b,cek,bya=b— (—1)"/%c. Then N (@) = a @, K ={ac K | Ny ;{a) = 1}.
Sometimes we write IV for Ny, . By D we denote the division algebra of quater-
nions over k; we have D = {(_§ )| a, be K}. The norm map Nrd: D — ks defined
by Nrd(_} %) = N(a) + N(b). Then D* ={d € D | Nrd(d) = 1}.

For an unramified extension .1, of a ring 4 we denote by Gal(4,/4) the Galois
group of A4, over A. If we have an 4-scheme X we indicate it by writing X, .
The points of X in an overring 4; D A4 are denoted X(4,) = X (4,).Xf¢p: A—B
18 2 homomorphism of rings we denote by X ; the B-scheme obtained from X
by the base change ¢ and ¢% X{(4) — *X 4(B) is the corresponding mapping on
points,

For an algebraic (resp., abstract) group G and algebraic (resp., abstract)
subset M C G we denote by Z;(M), Ng(M) the algebraic (resp., abstract)
subgroup of G which is the centralizer or, respectively, the normalizer of M in
G. For an algebraic group G we denote by GP its connected component and by
R,(G) its unipotent radical.

If G is an algebraic group and T a subtorus of G then Z(G, T') is the set of
roots of T in G (or in the Lie algebra of G). For a subset 2, C Z(G, T') we denote
by G(Z,) the subgroup of G generated by root subgroups of T'in G corresponding
to roots from 4%, . In particular, if T is a maximal torus and ¢ € 2(G, T) then
G(a) is a three-dimensional absolutely almost simple subgroup of G.In this
situation we set, moreover, I'(a) = G(@)N T, T, ={teT, a(t) =1}. We
denote by W the Weyl group of X(G, T) (when T is maximal) and by 4 a
system of simple roots in X, Then w), denotes the only element of W which maps
positive roots with respect to 4 into negative.

Finally, ' S! denotes the cardinality of S and Z/2 denotes the group of two
elements.

1. PRELIMINARIES; PROPERTIES OF THE FIELD AND OF a
Divisiox QUATERNION ALGEBRA
1.1. LemMa. (i) chark =0
(i) [R*:k*? =2, k* = E*2 U —k*2
(i) k* = k¥,
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Proof. Suppose chark =p s£0. Then —1e¥F,Ck and F?2—F2 =
F, 3 —1. S5 R2 does not hold in this case. This proves {(i). By Rl we have
k* = k¥2 U —k*2 (because k* has only one square ncnresidue) whence (ii}.
If a € £~ we have a = b2, b € k*. We can assume that b € &2 (because of (if)).
Then b = ¢ ie. a = ¢!, i.e. B*? = k*!, as required in (ii).

1.2. LEanma, (i) K2 = K>

(i) N(K*) = k*2
(i) K = Kt
(iv) K* = k< x KL

Procf. Since K= has no quadratic extensions we have K= = K*2. We have
next that N(K*) C &*2 (trivially) and N(K*)3 —1 (because of R2). So (i}
foliows from 1.1(ii). To prove (iii) take & € K. By (i) there exists m € K* with
b = m? We have N(m?) = | whence N(m) = L1. Since —1 € N(X) we have
m € K* whence K = K**, Consider #*2 and K! as subgroups of K*. We have
k=2 N K* = 1 since for A€ k*2 N K* we have N(h) = %% = 1, whence h = 1.
Now —1 € &2 implies that 22 - K1 = k*2 X K. On the other hand \: K> — &*
has kernel X! and we have by 1.1(iii) that N(K*>} = .¥(k*2 - K=}. This proves {iv}.

hY

1.3. Let D be the quaternicn algebra over & which is spiit by K and corre-
sponds to norm residue —1 & £¥/N(K*).

Lewxnn.  Adry quaternion division algebra over k is isomorphic to D.

Proof. First, D is a division algebra since its norm form Nrd does not
represent zero by R2. Second, if D is another quaternion division algebra over %,
then D is split by K since K is the only quadratic extension of 2 and D corresponds
1o some ron-identity element of &*/N'(K*). But this fatter group contains oniv
one non-identity element, namely —k*2. So there is only one division algebra,
namely D.

i4. Lesnaa. (i) all maximal subfields of D are isomorphic to X

@y DY =Dt

(iii) ArdD* = k*?

(iv) D* =k*® x DL

Proof. Any maximal subfield of D is a quadratic extension of &. So (i} follows

frem R1. Since D is the union of its maximal subfields and since restriction of
Ard to a maximal subfield is the norm of that field, (i) and (iii) follow from
1.2(ii), 1.2(iii). The above also implies that £*2 - D' = k*? x D', Now as in
the proof of 1.2(iv) we have Nrd(k*2 - DY) = Nrd(D*} = k™2, whence (iv).

481/60.2-13
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2. ProperITES OF GROUPS OF TYPE 4; OVER &

We consider an algebraic anisotropic k-group G of type 4, . If G is simply
connected we denote it sometimes by G and we have G(k) = D" If G is adjoint
we denote it sometimes by G and we have G(k) = D*/k*. We use here results
of [18]. In notations of [18] we have D = D_; .

2.1. LeMMa. Any two maximal k-tori of G are conjugate by an element of
G(&).

Proof. Tt follows from [18, 1.3.5] for G and from 1.4(iii) together with [18],
5.2.3 for G.
2.2. Lemana.  If T is a k-subtorus of G then
New(T(R){T(R) ~Z/2Z.

Proof. It follows from [18, 1.3.5] for G and from [18, 5.2.2] (together with
the fact that @ = —1 in our case) for G.

2.3. Lenva,  G(R) acts travitively on the set of Borel K-subgroups of G.
Proof. 1t follows from [18, 1.3.6, 5.2.4].

24. Levva.  G(k) ~ G(R)/{--1}.

Proof. We have G(k) = D*/k*, ie., by 14(iv) G(k) = (D* X k*2)[k* =
DY(D' N k*) = DY{£1} = G(R){£1}-

25. Lemva. (i) [G(k), G(R)] = G(k).
(ii) G(k) has no subgroups of finite index.

Proof. Because of 2.4 it is sufficient to prove the Lemma for G = G. Then
G(k) = D". So to prove (i) take & € D', Let T be a maximal Ak-torus containing
h, me Ngw(T (k) — T(k). Then [m, T(k)] = (T(k))* ~ K** = K* (by 1.2(iii)).
So [m, T(R)] = T(k), i.e. h e [G(k), G(k)], whence (i).

To prove (ii) note that since T'(k) ~ K* is 2-divisible for any k-subtorus T
of G (by 1.2(iii)), the order of any finite quotient of G(&) is odd. Therefore by
Feit-Thompson theorem any finite quotient is solvable. Now (i) implies that
G(k) has no finite quotients.

2.5.1. Remark. In view of E. Artin [1, Chap. V, Sect. 3] Lemma 2.5 may
possibly be generated to: any simple quotient of G(k) is siomorphic to G'(%’)
where G’ is a group of type 4, defined over an archimedean field #’.
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3. PROPERTIES OF ADMISSIBLE ALGEBRAIC A-GROT!

The considerations of this section are heavily based on the earler paper {171
Ir: order to avoid repetitions we give only minimum of definitions. We refer to0
I17] for details.

Let G te a semi-simple k-group and let 7" be 2 maximal k-subtorus of G. We
say that 7 (resp. G) is admissible if it is anisotropic over % and spiit over K. Any
admissible group contains an admissible torus. If T is an admissible torus of &
and X = 2(G, T) is the root system of G with respect to T, then — € Gai(K'k)
acts on X by @ = —a. If {x,(t)},cx is a coheren* parametrization of rcot
subgroups of G (with respect to T'), then we have x,{f) = »_,(d,f) for
teK with d,ck* We write A, == d,N(K*). The set {i;j,or determines
G up to central k-isogeny (cf. [17] and Appencix 2, Theorem 8.8 and
Corollary 8.9}

Since & = —a for ae X, the three-dimensionai subgrcuos Gla) = {x (k.
x_g(R)) are defined over k. An admissible subtorus 7" of & is said to be associated
with T (with vespect to ac X) if it is contained in Gfa; - T. We fix a Borei
K-subgroup containing T Let X = Z(B, T) and let 4 be the correspordms
system of simple roots. We also fix a decomposition &g = s, ' S5, 1 G € 4, and
we denote the parabolic B * G(a;) by P;.

3.1. ProrosiTioN. For every reduced roof system X there exists and up io
isomorphisin only one admissible simply connected group with root system Z. This
group is almost simple over k if and only if 2 is trreducibie.

Proof. 'To construct such group we have by [17. no. 6! and Arpendix 2 beiow
to ascribe to each a € 2 an element d, € £*. These numbers must satlsfv reiation
([17, no. 141 and Appendix 2 below), namely d, , = —d,d,ifa, b, a - 6 = Z'and
d_, = d;*. And any system of numbers satisfying these relations determines 2
k-form G of a split group with root system . Moreover, G contains an admissibie
torus. Let us set d, = —1 for all 2 € 2. Then the relations are satisfied ana we
obtain a group G. Let us prove that G is admissib:e (i.e. anisotzopic). Note first
that by {17, no. 8] and 1.4(iii), the set {A;},c5(c.7) corresponding to ar admissible
torus 7" associzted with 7 is the same: A, = —N(K*). I G were isorepic then
by {[17], nos. S, 7) there would exist an admissible torus T which couls Ee
connected with T by a finite sequence of associated toti, and 2 root b & Z{G, T}
such that A, € N(K*). Since on each step of associations we have \; = —N{K*}
the above is impossible and so G is anisotropic. Since ™ acts as —1 on 2, G
is almost simple over & if and only if 2 is connected.

It remains to show the unicity. It is easy since the isomorphism class cf G is
completely determined by the set {A, = d; - ¥N(K*)}ger. And by LZ(L} we
can choese {A,] in only one way so that A, & N(K*).
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3.2. LemMA. Let G be an admissible group and T an admissible subrotus of G.
Then

Now(T(R)/T(k) = No(T)/ T

Proof. It follows from 2.2 since N(T') is generated by the groups Ny (T),
ac.

3.3. LevMA. Let G be an admissible group. Let wy = s, " S @ ed, and
P; = G(a,)B. Then G(K) = Py(K) * Py(K) *** P, (K).

Proof. 'The right hand side is invariant under right and left multiplications by
B(K). Since G(K) = B(K) ' W - B(K) it is sufficient to establish that every
& € W is a product of reflections in some 4, taken in the same order as the given
expression for w,. It is known (and follows by descending induction from
[4, Chap. 6, Sect. 1, Proposition 17] and exchange property [4, Chap. 4, Sect. 1,
no. 1.5]).

3.4. ProPosITION. Let G be an admissible group. Let B and a; be as in 3.3
and let B’ be a Borel K-subgroup of G. Then there exists g € G(a;)(R) *-* G(an)(k)
such that gBg—! = B’. In particular, G(k) acts transitively on (G/B)(K).

Proof. (Compare [17, nos. 7, 11]). Apply Lemma 3.3 to the decomposition
wy=wp") = S Sq, - Take p;€P(K) such that g = py pmy = py. Set
d;=p;" p1, By=B,B;=dBd;", T; = B;N B, R, = d;Pd;", G;=R; "\ R,.
Then T; is defined over & and split over K. Since G is admissible it follows that
sois T;. Then G, is a three-dimensional k-subgroup normalized by T; . By 2.3
there exists #; € Gy(k) such that B, = h;B,_;h;* for { > 1. Therefore B; =
(hy = hy) B(h; - k)™, Ry = (h; -~ by) Py(h; 1)~ Thus

G; = (h; - by) G(a;)(h; - by) ™.

Hence h;., = (h; -~ by) gi(h; - by)™ for some g; € G(a;)(k). We have g, = I,
hohy = hygohT" - higs = g18, - Suppose that we have established that &; - h; =
g & -Thenhyy by =hiagy 8 =(81 " ) g 8) (&1 8) =
&1 £iq- Therefore by induction we have &, % =g - g,. Since
g: € G(a;)(k), our assertion follows.

3.5. CoroLLARY. Let G be admissible. All pairs (T, B) consisting of an
admissible torus T and a Borel K-group, containing it, are conjugate by elements of
G(a)(R) - G(ay,). In particular, all admissible tori are conjugate by G(k).

Proof. Let (T, B), (T', B') be two pairs of the described type. Then there
exists ke G(a)(k) --- G(an,)(k) such that ABh~' = B’. Since T = BN B,
T' = B’ N B, h € G(k) our assertion follows from the preceding one.
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2.6. CcroLLARY. For an admissible G one has
G(ky = T(k) - G(a;)(%) -~ G(a,.)(%}-

Proof. Let ge G(k). Set T = gTg~*, B = gBpg~*. Then by 3.5 there exists
ke G(ay)(k) *-- G{a,,))(k) such that AT’k = T, hB's~! = B, which means that
(hg) T(hg)™ = T, {hg) B(hg)™ = B, i.e. hge T(k). Since T{k) normalizes ail
G(a;)(k) cur assertion follows.

3.7. TeroreM. Let G be simply connected and admissibie, and let a; be as in 3.3.
Then G(R) = G(a)(k) --- G(a..)(k). In particular

(i) G(a)k), a € A, generate G(k}
(i) 1G(k), G(R)] = G(k).

Proof. Let us first show that (i) and (ii) follow from the main assertion. This
is clear for {i). To prove (ii} we remark first that

G(R) D [Glar)k), G@)(®)] - [Gla,)(k), Glan(k)]

and the last expression coincides with G(a;)(k) -+ G{a,,)(k} because of 2.5.
The rest of the theorem follows from 3.6 and the fcllowing

3.7.1. LemMa.  Set T(a) = G(a) N T. Then (for simply connected admissible
G) we have: T(k) is the direct product of groups T(a)k), a€ A.

Proof. By [14, Sect. 3, Lemma 28c] we know that T(K is the direct product
of groups T(a)(K), a € 4. Since the action of Gzl(K'k) preserves all T{a), we
have cur assertion.

3.7.2. Remark. V. Kac proved in [7] for compact Lie groups (i.e., in the case
k = R) that modulo a finite central group all relations between groups G(a;}(R}
(when they gererate G(R)) follow from relations in groups cf C-rack 2. He
thinks that the ideas of his proof may work alsc in our slightly more general case.

4. HoMmoMoRrPHISMS OF GROUPs 0F TYPE A,
Let & be a field satisfving R1, R2 and let G be zn absoluteiv almost simple
algebraic k-group of type 4, . Let &’ be another infinite field and G’ an algebraic
absolutely almost simple k-group. Let ¢: G(k) — G'(k) be a homomorphism

with dense image.

4.1. Turores. There exist
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(1) A unique place p: k— k'; let A be its valuation ring,
(ii) A unique structure G4 of a semi-simple group scheme over A on G; we
have G (A) = G(k) in this structure;
(iii) A unique structure of an algebraic p(A)-group on G’;
(iv) A4 unique central p(A)-isogeny B of algebraic o(A)-groups, B: °G,4 =
G R p(A) — G, such that

og) = Be%e))  for geGlk).

We shall obtain more information in 4.5. The present formulation can be
derived in a somewhat more general form, although we can not globalize (to
groups of other type) those more general results. We have chosen to prove them
here because the proofs exhibit the assumptions we are actually using. Our
argument is based on results of [18] about projective plane structure on the set of
minimal centralizers in adjoint groups of type 4, . We start with

4.2. LemMa. In conditions of 4.1 assume that G is adjoint. Then G’ is of
type A, . Moreozer if char k' 5= 2 then G’ is also adjoint.

Proof. 'This is [18, 4.1(i), 4.2.2].

4.3. Now let &2 and %’ be infinite fields. Let G and G’ be respectively - and
k'-forms of PGL(2). Let x: G(k) — G'(k’) be a homomorphism with dense
image. Assume that « satisfies the following condition:

Hl. The kernel of « does not contain H(k) for any connected one-
dimensional k-subgroup of G.

"This assumption on « obviously follows from a stronger assumption on G(%):

Hilbis. No normal subgroup of G(k) contains any H(k), H one-dimensional
connected k-subgroup of G.

Our aim here is to prove

4.3.1. THEOREM. Suppose that G is anisotropic and o satisfies H1. Then
conclusions of 4.1 hold for «, G(k), G'(k).

4.3.2. Remark. There is no actual loss of generality in assumption that G is
anisotropic. Because in the isotropic case [G(k), G(k)] is simple, so the kernel
can not be big. And it follows from [2] that 4 = % and ¢ is a homomorphism in
this case.

4.3.3. Let G be a k-form of PGL(2). Let us recall some notations and results
of [18]. These and some other results of [18] are used without reference in
4.3.34.3.12 below. A subgroup M = Zguy(k), hc G(k), is called a minimal
centralizer if M = Upesr Zgy(m). Every element of G(k) is contained in a
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urique minimal centralizer. The set of minimal centralizers is denoted S(G{k)}.
A subset L of S(G(k)) is an involutorial Iine if | L | > 2 and there exists k € G(&).
h? =1 such that kmk™ = m™ for all me M for any I} eL; in this case we
write L = L(k). A subset L of S(G(%)) is called a parabolic lineif L. > 2andL
consists of all minimal centralizers contained in a normalizer of some minimai
centralizer. A subset L is called a lime if it is either a parabolic or an involutoria:
line. It is proved in [18] that S(G(k)) with lines defined as above is the projective
plane P*(k). All lines are involutorial if G is anisotropic. In characteristic 2 tkere
is 2 special line, called unipotent. It is involutorial line corresponding to involution
1. Elemerts of all minimal centralizers of this line are unipotent and of order 2

3 heer

4.3.4. Let us begin our study with the following trivia! cbservation:

Remark. Let M be a subgroup of G(R), ¥ € G(k). If & irverts elements of
3 then afx; inverts elements of x(M). In particular eitaer x(x) centralizes ol W}
and then (M) is of period 2, or () is not of period 2 and then x{x) does not
centralize ().

4.35. Levya.  Let T be a k-torus of G. Then o(T(k)) is infinite.

Proof. Denote R = Nguy(T(k)) — T(k). For every involutotial lice L of
S(G(k)) passing through T'(%) there exists x € R such that x acts as inversion ¢z
every feL. Therefore either o(M)eL(x{x)) or ofM)C Zy plaf{x)} and
o M) is of period 2 in this latter case. Let Q' be the set of elements of order 2 in
G’. Since ail lines are involutorial and since lines through T{k) cover all of G(&;
the above argument says that x(G(R)) C Urceg L(x(x)) V O'. Now T(k) acts
simply transitively on R by multiplications or the right. Therefore if
#(T(k)) < =, then #{o(x) xR} < co whence it follows that ofG(%}) s
contained in = union of a finite number cf proper closed subvarieties of G, i.e.
x(G(k)) is not dense, a contradiction.

4.3.6. CorcLLARY. Let T be a k-torus of G. If char &' = 2 then x(T{k)) is not
of period 2.

Proof. The group G', being a form of PGL(2), contzins infinite subgroups cf
period 2 only if char &' = 2.

4.3.7. Lemya,  If Uls a unipotent k-subgroup of G {in pariicular, if char k = Z)
then «(U{(R)) is infinite.

Pioof (the same as in 4.3.5). Everv line L of S(G(k)) throughk U{Z) is involu-
torial and has the form L = L(u), u € U(k). Let R’ be the set of nonidentity
elements of «(U(R)) and let Q' be the set of elements of order 2 in G'. Then
A G(R) C Uper- L(R") U Q. So if R’ is finite then o(G(%)) is not dense.
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4.3.8. CoroLLARY. If chark = 2 then char k' = 2.

Proof. Let U be a unipotent k-subgroup of G. Then «(U(k)) is an infinite
subgroup of G’ of period 2. It is possible only if char 2 = 2.

4.3.9. CoroLLARY. For every minimal centralizer M in G(k) there exists a
unique minimal centralizer in G'(k') containing o(M).

Proof. If o(M) is not of period 2 take & € o(M) such that s2 == 1. Then
M' = Zgq)(h) is 2 minimal centralizer and M’ D «(M). If char &’ 5= 2 then
char 2 # 2 (by 4.3.8) and by 4.3.5 every o(M) is not of period 2. So assume
that char ' = 2 and (M) is of period 2. Then M’ = Z;+ (k) is a minimal
centralizer for every k€ a(M), h £ 1, and (M) C M.

4.3.10. ProposITION. For a minimal centralizer M of G(k) let x(M) be the
unique minimal centralizer of G'(R’) containing o(M). Then 3: S(G(k)) — S(G'(k"))
15 @ homomorphism of projective spaces (cf. Appendix 1).

Proof. 'We have to show that the image of a line is contained in a line. Since G
is anisotropic all lines are involutotial. Let xe G(k), #* =1, ¥ 5= 1, and let
L(x) be the corresponding involutorial line. If a(x) = 1 then a(M) is of period 2
for all M € L(x). Therefore char 2" = 2 and ofL(x)) is contained in the unipotent
line L(1) of S(G'(k’)). Next assume that ofx) 7= 1. Then L’ == L{a(x)) contains
all o(M), M eL(x), such that «(}f) is not of period 2 or (M) C Zg-n(alx))
(when char &' = 2), when «(M) C L((x)) for all M e L(x). It remains to consider
the case when char 2 = 2 and the line in question is the unipotent line. In this
case our assertion follows from 4.3.7, 4.3.8.

4.3.11. The above proposition enables us to apply the results of Appendix 1.
Letg, 4,1, M, V, V', B, S be the same as there. We lift G to the group SO(F, V')
of special orthogonal transformations of 7~ (recall, that SO(F, V) is mapped
isomorphically to G) with respect to a non-degenerate quadratic form F on V.
We choose F (as we may by multiplying by elements of k) so that F would be
integral with respect to 31 and so that F == 0 mod 1.

Levva. SO(F, M) is a semi-simple group scheme over A such that (i)
SO(F, M)(4) = SO(F, V)(k), (i) o is the composition of ¢° and of the isomorphism
of °(PGL(3) ,) to PGL(3);. induced by p.

Proof. Letge SO(F, V)(k). Since the action of G commutes with the map &,
g must map M into some a(g) - M, a(g) € k (according to 7.3.7). Since SO(F, V)
is unimodular we have a(g) = 1 for all g e SO(F, V)(k), whence SO(F, V')(k)
preserves M. Evidently, it also preserves F.

Consider now the situation over £’. The map « agrees with & in the sense that
for g € G(k) and x e P2(k) = S(G(k)) we have ofg) x(x) = x(gx). We know the
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structure of & from Appendix I, 3 = B¢ ¢% It foilows that the image of
SO(F, V)(k) is obtained by applying ¢° ard then group isomorphism of two
PGL(3);s. Now the image of SO(F, V)(k) under ¢° preserves ¢°(F}. On the other
hand G’ is irreducible if char 2’ 7% 2 and has only ore fixed point in P2, if
char £ = 2. Since the image of G(k) in G’ is dense the same hoids for o(G{%)).
If char ' == 2 and the form ¢9%F) were degenerate then ¢%G(k)) would fix some
subspace of P?(k’), which is impossible. So if char & == 2 then ¢*(F) is non-
degenerate. Suppose that char 2’ = 2. Since all derived groups of G'(#'} aze
non-trivial and since o(G(k)) is dense in G’ the same hoids for a{G(%)), whence
¢%(G(k)) can not be solvable. Since F' == O mod [ i.e., ¢*(F) == G, we czn only have
that defect of ¢(F)is 1.

Since $%(F) is non-degenerate if char &’ == 2 and @%F) is of defect 1 if
char &' = 2, the group scheme SO(F, 3f) is indeed semi-simpie (its fibers are
smooth and the special fiber is semi-simple by the above argument; hence ali
fibers are semi-simple since the property of being semi-simpie is open, cf. F5],
X. 8, p. 121) or ([5], XIX, Cor. 2.6). This proves our lemma.

4.3.12. Let us conclude the proof of Theorem 4.3.1. Actually, what is ieft.
namely parts (iii) and (iv) of Theorem 4.1 are easy corollaries of Theorem 7.4 of
Appendix 1. Since it follows from 7.4 that o(G(k)) is contained in PGL(3, ¢{4}},
its closure is defined over ¢(4), i.e. G is defined over p(d). Now f is defined over
@(A) and the isomorphism B:*PGL(3), —PGL(3),(» induced by § is also
defined over p(.1) whence our last assertion.

4.4. Let us now consider the case when G is simply connected. We impose
additiona; (extremely strong, cf. 4.4.4 below) condition on & and G.

Let % be an infinite field, G an anisotropic k-form of SL(2), G the adjoint
group of G. Our condition is

H2. The natural map G(k) — G(R) is suriective.
4.4.1. THEOR=M. Let k' be another infinite field, let G’ be an absoiutely alinost
simple k'-group of type A; . Let x: G(k) — G'(R') be a homemorphism with dense

image. Suppose that x satisfies H1 and G satisfies H2. Then the conciusions {i)
througk (iv) of Theorem 4.1 hold and in addition wwe have

(V) there exists a unique map u: G(k) — C(G'(R"}) such that
x(8) = w(g) - B(e8))  for zeG(R).
As before proof will be given in several steps.

4.4.2. Leana.  Theorem 4.4.1 holds if G' is adjoint.

Proof. Since G’ is adjoint we have C(G'(k')) = I, whence C{G(k)} =
{=1] C Ker 2. Therefore « can be factored through the map G(&} — G(k}. B+
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H2 this map is onto and therefore 4.3.1 is applicable. It provides G(k) with the
structure of a group scheme over 4. This structure lifts to G (use Appendix 2,
for example). Clearly the canonical map G — G commutes with ¢°. Therefore
we get that o can be factored as ¢° times a central p(4)-isogeny as required. Note
that p has to be trivial in this case as C(G") = 1.

4.4.3. Levois.  Theorem 4.4.1 holds if G is a form of SL(2).

Proof. Let G’ be the adjoint group of G and let «’: G’ — G be the canonical
projection. Then 4.4.2 applies to &’ = «’ o a. Let 8’ be the central p(4)-isogeny
B':°G4— G, guaranteed by 4.4.2. Then we can construct (using, for example,
8.7 of Appendix 2) the ¢(4)-isomorphism 8: *G, — G’ such that 8’ = «’ = 8.
Let us now compare Bo¢® and «. Since B’ c¢® and &' o« coincide we get
[(8° )& - ) € C(G'(K)). Denote p(g) = [(Be NI olg). Then
p: G(k) — C(G’'(R") and we are done.

4.4.4. Now let us show that the condition H2 is very strong. We use notations
of [18].

LemMA. Let H2 be satisfied for G, a form of SL(2), and let D be the corre-
sponding quaternion division algebra over k. Then

() Dissplit by K = k((—1)'/2) (in particular, —1 is not a square in k);
(i) D is determined by —1 € R¥*IN g, (K*) (i.e., D = D_,)

Proof. Let K be any quadratic separable splitting field of D and let D be
determined by a € k*/Ng;(K*). Let T be the maximal torus of G corresponding
to K. Since x: G(k) — G(k) is surjective and since Ny (x(T)) # ((T))(%), it
follows that Nggy(T'(R)) 7= T(k). Therefore —a € Ng,i(K*) (cf. [18], 5.2.2).
Thus we can replacea by —1 = a - (—a)l€a- .Z\Tg/k(K*), i.e., we can assume
that ¢ = —1. Then K = k{(—1)'/?) splits D and applying the above argument to
K = K we obtain that D = D_, .

4.4.5. COROLLARY. Zero is not a sum of four squares in k.

Proof. 'The norm form of D does not represent zero since D is division and it
is a sum of four squares.

4.4.6. Remark. We can restate 4.4.4 saving that D has to be Hamiltonian
(i.e., split by K = k((—1)'/?) and determined by —1 € &*/Ny ;(K*)).

4.5. Let us now apply the above discussion to the case at hand, i.e., to the
fields satisfying R1, R2.

4.5.1. LemmA. The conditions H1bis and H2 are satisfied.
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Proof. Suppose that M is a proper normal subgroup of G{%), containing H(%}
where H is a one-dimensional connected k-subgroup. Then by 2.1, 3 contains
all of G(), a contradiction. Now H2 follows from 2.4.

4.5.2. PrOPOSITION. Suppose that G’ is adjoint. Ther G’ is an anisotropic
@{A)-group and the corresponding quaternion division algebra D' is Hamiltonian.

Proof. Let a: S(G(R)) — S(G'(¢(d))) be the homomorphism of preiective
tlanes induced by a. Then the image of S(G(%)) under % is a projective subplane
of S(G'(e{d))). So the image is P*k"). But we know that ¢(d) = &". So
HS(G(R))) = S(G'(p(A4))). But G(k) acts transitively on S(G(k}) {(by 2.1}
Therefore G'{¢(4)) acts transitively on S(G'(p(4))). Therefore all connected
one-dimensional ¢{4)-subgroups of G’ are tori, whence G’ is anisotropic over
o(A). Moreover all g(A)-tori of G’ are conjugate in G'(p(-2)), for every o{4}-
subtorus 7" of G’ we have N+ (. (y(T"(¢(A))) == T'{@(4)), 2nd

[G'(#(D), G'(§(AN] = G'(#(-2))-

It feliows from the last equality that two former nroperties hold also for simply
connected cover of G'. Now 4.4.4 implies the last statement of 4.5.2.

4.5.3. CorOLLARY. chark = 0.

4.54. Leanvaa.  Theorem 4.1 holds.

Progf. Tirst we remark that ¢ = 1 in 4.4.! because of 2.5(i). Second we havs
to settle the case when G is adjoint and G’ is simply connected, but this case
cannot happen because of 4.2 and 4.5.3.

4.6. Let us now obtain a description of the structure of the group scheme over
4 on G in terms described in Appendix 2.

ProrositioN.  The semi-simple group scheme G 4 is giver by data of Corollary 8.9
where 4; = A{(—1)t2.

Proof. Let T be an arbitrary A-subtorus of G (ali of them are conjugate).
Then T is split by A((—1)42) which is clearly unramified and quadratic. Let
M = 3 = 1, be the decomposition of the attice 3 under zction of T witix
TM;, = M;, T M, = Id. Then our quadratic form ¥ (cf. 4.3.11) takes the form
F =22 — x,2 — axg® (with ae 4> since F is non-degenerate modulo I).
Consider the maximal subtorus 7T, of G,, corresponding to the splitting
A = Ade; = (dey — eg). Since T, is also split by A((—1)*?) we sece that the
resiriction of F to Ade, — e, is of the form b(x,2 — x,2) with b € A%, Therefore
a =1, e, F = x2 + x,2 — x%. This means that ¢, , = —1 (in notations cf
Theorem 8.8 of Appendix 2).
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5. HoxonMoORPHISMS OF ADMISSIBLE GROUPS: COINCIDENCE OF TYPES

5.1. THEOREM. Let k be a field satisfying Rl, R2 and let G be an admissible
absolutely almost simple simply connected group over k. Let k' be an infinite field
and let G’ be an absolutely almost simple k'-group. Let x: G(k) — G'(k') be a
homomorphism with dense image. Then

() chark’ =0,
(ii) for an admissible torus T of G the closure T’ of o T(k)) in G' is a maximal
subtorus of G,
(iii) there exists an isomorphism X: X(G, T)— 2Z(G', T") such that for any
d € 2(G, T) the closure of o(G(d)(k)) is G'(&(d)).

The proof will be given in several steps. In this proof the main difficulty we
want to overcome is to prove (ii). Note that if 2 were real closed then all maximal
k-tori of G would be conjugate over & and 5.1(ii) would follow from the density
of the o(G(k)) in G and from the openness of the set of regular elements'in G'.

Let us introduce some notation. Let T be an admissible torus in G,
2 =2(G,T)ForacZweset T(a) = TN Gla), T, ={te T' a(t) = 1}. Let
M', M,, M'(a) be the closures of o(T'(%)), o{ T,(k)), «(T(a)(k)) in G'. Since T'(%)
is commutative, M' also is commutative. Therefore 3/’ contains a unique
maximal torus, say 7. Then T, = M; N T", T'(a) = M'(a) N T" are unique
maximal subtori in M, and M’(a) respectively. Let G'(a) be the closure of
(G(k))in G' and set 2’ = X(G', T"), 2"(a) = 2(Zc(T,), T'), Z'(a) = Zo(T") N
G'(2'(a)).

5.2. LeMma. (i) G'(a) is connected and has no commutative quotients,

(i) G'(Z"(@)) is normalized by Zg(T"). In particular, G'(Z'(a)) - Ze/(T")
is a group,

(i) G'(2'(a)) - Zo(T") contains G'(a),

(iv) if a, be X are of the same length then G'(a) and G'(b) (resp., G'(Z'(a))
and G'(2"(b))) are conjugate in G'.

Proof. Suppose that G’'() is not connected. Then G'(a)°is of finite index in
G'(a). Since o(G(a)(k)) is dense in G'(a) we have

G'(@)/G'(a)° =~ G(a)(k)|aHAG(a)(k)) N G'(a)°)-

But G(a)(k) has no finite quotients by 2.5(ii). Therefore G'(a) —= G'(a)°. The fact
that G’(2) has no commutative quotients follows from 2.5(1) in the same way as
above.

Clearly G'(Z’(@)) is normalized by 7" and by definition G'(Z’(a)) is generated
by non-trivial root subgroups) we see that G'(Z'(a)) is a product of some semi-
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simple comporents of the semi-simple groups [Z/(T,), Zg{7,)1. Our statement
(i) follows from the fact [Zo(T,), Zo/(T,)]1 2 [Z6AT"), Zc(T")}, so that anv
semi-simple component of Z;(7”) is contained ir: some semi-simpie component
of Zo(T,).

Now (iii) is clear because G(a) = Z(T,) and therefore G'{a) C Zy(M,) =
ZAT,). Since G'(a) does not have commutative quotients it foliows G'(a) is
contained in some semi-simple components of Z¢-(T,). All such components are
contained in G'(Z'(a)) - Zg/(T").

Finally, (iv) follows from 3.2 and from transitivity of the Wey! group of X on
the set of roots of the same length.

5.3. Leans. (i) G'(a)/R,(G'(a)) is semi-simple of iype 4, X A; x -+ X
(i(a) times),

(ii) char &’ = 0 (in particular, 5.1(i) holds).

Proof. Let H' be an (absolutely almost) simple component of G'()i R,(G'(a)}.
Then tne composition of « with the natural projection maps G(a)(%} to H' with
dense image. \We apply to this homomorphism Theorem 4.1 and Corollary 4.53.3
znd obtain our statement. Note that the fact that G'(a)/R,(G'(e)) is semi-simple
follows from 5.2(3}.

5.3.1. Remark. Note that 5.3(i) follows essentiaily from [I8], 4.i(i) {because
of the condition H2). Since 5.3 above is the only reference to the Section 4 in
this Section, we use here essentially only part (i) of Theorem 4.1. The precise
statzment of 4.1 will be used in the next Section.

5.4. Lemia.  The numbers r(a) do not depend on ac X, Their common vaiie
is denoted r.

Proof. By 5.2(iv) r(a) = r(b) if a and & have the same length. On the other
hand since T'(k) is the direct product of T(aj(k), a4, {by 3.7.1) we have
dim 7' = X, 4r(a). Let & be the subsystem of long roots in Z and let 4 be
its system of simple roots. Then G(X) is also simply connected and therefore
T(k) is the direct product of T(d)(k), de 4. Thus d'm T’ = X, ; r(d). Since
7{b) depends only on length of &, it follows from 2, .5(a) = Z457(d) that
r{a) = r(d) for any pair @, d € 7, as asserted.

55 Laama, X'(@)N2'(6) = & fora, be 2 a = +b.

Proof. Suppose R = 2'(a) N 2'(b) + = for some a, 6 2, a 5= —b. Then
T,, T, are containedin Ty = {t &€ T" | #(f) = O for al'r € R}. Since R # 0 we have
Tg # T'. Therefore T, - T, 5 T'. But T, - T, = T whence T'(k)! T (k) - T»(R)
is periodic of bounded period. Therefore o T'(%)) o To{k)) - o T,{k)) is periodic.
which is impossible if dim 7/7, - T, > 1. This proves our ciaim.
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5.6. PROPOSITION. (i) 2" = pez- 2'(@)
(i) R(G'(@)=1

(i) T'is a maximal torus of G'.

Proof. Choose and fix in G’ two opposite parabolic subgroups P~ and P-
whose Levi component is Zg/(T"). Let U= be their unipotent radicals. For every
de Z, set U=(d) = U=n G'(2'(d)), P=(d) = P=n G'(2'(d)). Since T" nor-
malizes G'(Z’'(d)) we have that P=(d) are parabolic subgroups of G'(2'(d)) and
U=(d) = R, (P=(d)). Set S(d) = G'(Z'(d))/P~(d). We have S(d) = G'(2'(d)) -
Zo(T")jP(d) - Zg(T') (recall that Z(T') normalizes both G'(Z'(d)) and
P+(d)). The canonical map p(d): G'(Z'(d)) - Zg(T') — S(d) is a locally trivial
fibration. Let C—(d) be a local section of this fibration over p(d)(G'(d)). The set
V(d) = Zg(T") - U~(d) U~(d) contains an open subset of G'(Z'(d)) and the set
V(d) = Zz(T") UH(d) - G~(d) contains an open subset of G'(d). Set now
§(d) = dim TH(d), q(d} = dim U+(d), ¢ = dim Z;-(T"). Because of 5.2(iv) the
numbers §(d) and ¢g(d) depend only on the length of d. Set §, = §(d), ¢, = ¢(d)
for d short, and §; = §(d), ¢, = g(d) for d long. Let m, (resp., m;) be the number
of short (resp., long) roots in 2.

Now let 4 be a system of simple roots in 2 and let w, = Sa, " Sq_» B € 4, be
a reduced expression for w,. By 3.7 we have G(k) = G(al)(k) - G(a,)(k)-
Therefore a(G(k)) is contained in G'(a;) *** G'(,y). Since o(G(&)) is dense in G”
it follows that G'(4;) - G'(a,,) must contain an open subset of G”. Using 5.2(iii)
and the above discussion we see that the sets V = V(a,) - V(a,,) and ¥V =
V(ay) *** V(@m-1) V(a,,) must contain open subsets of G'. Since Zg/(T") nor-
malizes U=(d) we can write V = Zg(T') Ut(a) U(ay) --* UHa, ) U(a,)
V = Zo(T) Ur(ar) U(@y) ~ Ur(am o) U-{ag 1) U(aw) O-(an). We have
dim V < g+ 2 U1 9(a0), dim 7 < ¢ + 2 Uiy 9(@r) + g(am) + §anm)-

To continue our argument we need a Lemma.

5 6.1. LEMma. Let w = s, ** s, be a reduced expression for we W. Set

={acZ2|wge —2+}. Let p, (resp 1) be the number of short (resp., long)

roots among a, ,..., a, . Then p, (resp., p,) is the number of short (resp., long) roots in
Zy

Proof. Tt follows from [4], Ch. VI, no. 1.6, Proposition 17. Namely, let L be
the shortest line joining two points in general position of chambers C and wC.
Then it intersects walls corresponding to &, ,..., b, where 2, = {3, ,..., b,}. Now
apply Proposition 17(ii), loc. cit.

5.6.2. Proof of 5.6 continued. By 5.6.1 applied to e, we have dim V' < ¢ —
2mq, 4 2mg; . Since by 5.5 we have 2'(a) N Z'(b) = 2 unless @ = 4, it
follows that dim G’ = ¢ + 2 U,ez+ g(@) = q 4 2m,q, + 2myg, and inequality is
strict unless X' = X, 5- 2'(a). Since dim ¥ = dim G’ it follows that we have
equality and therefore 5.6(i) holds.
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(¥¢]

Since dim ¥ = dim ¥ it follows now that §(a,,) = g{a,). Since any rootd € 4
can be chosen as a,, in an appropriate reduced expression for #; we have §(d) =
g(d) for ali d € Z. This means that p(d)(G’(d)} contains an open subset of S(d).
Since p(d)(G'(d)) is evidently closed, we have »{d)(G'(d)) = S{d). Therefore
G'(d) acts transitively on the complete variety S(d). Consider now tne action of
R(G'{d)) on S(d). Denote by X the set of fixed points of R,{G'(d)}. Since
R,(G'(d)) is solvable and connected it follows that X 7 z. But clearly, G'(d)
maps X into itself. Therefore X = S(d), i.e., R,{G'(4)) acts trivially on S{d).
Tt follows that R,(G'(d)) centralizes G'(Z'(d)). Since G'(d)C Z{T") - G'{Z"(d>
(by 5.2(iii)) it follows that R,(G'(d)) is contained in semi-simple comporents
of Z;(T') which commute with G'(Z'(d)). But then R,(G'(d)) € [G'(d}, G'()].
Therefore 5.2(i) implies that R (G'(d)) = 1.

Now it follows from 5.3(i) that T - UH{(d) U~(d) is epen in T C'(Z"(d)) =
G'(d) - T". Therefore V = T'U~(ay) U(a;) =+ U(anm) L‘(am)vheqcemm T
dim Z;(T"), i.e,, T'is a maximal torus of G’. This conciudes the proof of 5. 6

5.7. Leaiva,  Let 2y, 2, be tewo proper root subsvstems in X.

(Y The closure G'(Z;) of (G (Z;)(R)) in G’ is a proper subgroup ¢f G,
(i) G'(2)) = G'(Z,)if and onlv if X, =

Procf. Let 4; be a system of simple roots in Z; and let ey ; be the longest
eiement in the Weyl group of X;. Write w, ; = Soy s " Sapg g U ed;. Then
G(Z)R) = G(ay,:)(R) - G(@u(y,:)(k). Therefore o.(G(Z' )(k)) s contained and
dense in G'(@; ;) -*- G'(@m(y,:)- Since the latter product is closed it foliows that
is a group, whence our both assertions.

58. Leviva. 7 = 1 (ie., | Z'(d), = 2 for allde Z).

Proof. By 5.6, 5.3(1), 5.4 2’ is a disjoint union of | 2~ : subsystems of tyoe
Ay X - x A, (r times). Let & and /2’ be Coxeter numbers of X and 2’. Then
1 2 =mh, 2| =rmk'. Since ' X" = 12X~ -1 4; X X 4| = mhr we
have mrhi = vmh’ whence h = k.

Now for every connected 2 we find all 2 such that k = &, rank 2" =7 - rank Z.
We can assume that r > 2. If X' is of type .4, ther 2 = m — ! and no syster
of rank > s hasthesame h. If Yisof type B, , C;p, e = Z,and D, ; , ;1 > 3,
then 2 = 2m and the onlv root system of greater rank with the same 7 is 4,,,_5 .
But then (rank Z')/(rank X) ¢ Z. The same applies to the cases Eg (resp., E;);
then % = 12 (resp., & = 18) and X' can be of wype Ay, By, C3, D, (resp.,
gy By, Cy, Dyg) end (rank X)/(rank X') ¢ Z in all cases. If 2/ is of type Egthen
h =30 and 27 is of type Ay, By;, Cy5, Dyg. Here oniy for Dy we have
{rank 2")/(rank X)eZ. In this case take a subsystem of type E,;in Z. Then tne
previous argument together with Lemma 5.7 show that the group G'{Z)) s an
almost direct product of two subgroups of type E; . But this is impossible.
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If Z'is of type Fy then &k = 12 and X" if of type A4;, By, C3, D, and none of
them will do. If X is of type G, then 2 = 6 and 2" is of type 4;, B;, C3, D,
Of those only D, has proper rank. But if we take for Z; the subsystem of type 4,
in X then the previous argument together with Lemma 5.7 imply that D,
contains a subgroup of type 4, X A, . But this is false.

5.9. Levma. Set {1d'} = Z(G'(d), T"), d’ € Z’. Then d is a long root if and
only if d' is a long root.

Proof. It is sufficient to consider rank 2 case, i.e. the case when X'is of type
A,,B,,G,.By Lemma 5.8 we have | 2 = | 2’|, rank 2 = rank 2" whence 2’
is of the same type as 2. So our assertion is vacuously true if 2 is of type 4, .
If X is of type B,, then d is long if and only if Zy(G(d)) is non-commutative
(because char & 5= 2). It follows that Zg-/)(G'(d’)(%")) is also non-commutative.
Since char &’ # 2 this implies that 4" is long.

If X is of tvpe G, then let 2, be the subsvstem of long roots. The groups
G(a), a € Z, , generate a subgroup of type A, . It follows from 5.7 that G'(Z;) isa
proper subgroup of G'. Since char &’ = 3 this subgroup pust be the subgroup
of type A, , cotresponding to long roots in 2’, whence our assertion.

5.10. CoroLLARY. X' is of the same type as Z.

Proof. Weknow that | X' | =2’ ', rank F = rank X', and, finally, X and 2"
have the same number of long roots. This implies our claim.

5.11. Let PX = 3[{*1}, PX = 2"[{=-1} be projectivizations of X and Z’. The
map {~d}—>{4d’} where {1+d'} = Z(G'(d), T’), is a map a*: PX— PX".
Because of 5.7, we know that for anv subsystem X, of rank 7 in 2 we have
a*(PZ,) = PZ; where 2 a subsystem of the same type as X, (by 5.10). Moreover,
if X is a subsystem of % and £ is a subsystem of X then for any a € ' we have
o«*(PII(Pa, PZ, PY)) = PII'(«(Pa), «*(PZ), x*(PZ)). Here II(a, X, %) is
defined as follows. First we construct H, = Zg)/(Zs#(G(a))) then we take for
II(Pa, PX, PX) the set of de Z(H,, T) such that d has the same length as
a itself. The set II(Pa, PZ, PX) can be defined in abstract group terms because
Hy(k) = Zs@0(Zs(2)0(G(a)(k)))-

Let us recall that a subsystem %, C X'is called saturated if QZ; N X' = X; . We
are going to prove the following

5.11.1. PRoPOSITION. Let o*: PX — PX' be a map which satisfies the following
properties
() If Z, is a saturated subsystem of X then o<(PZ;) = PZy where X is an
tsomor phic saturated subsystem of X',
(i) IfdeZ and o*({1d}) = {Ld'} then d and d’ are simultaneously long or
short;
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(iil) If Z'is a saturated subsystem of = and 2 is a proper saturated subsystem
of 2 of maximal rank then for any ae X — 5 we have =*(PII(Pa, PX, PX)) =
PIT'(«*(Pa), o*(P), «*(PZ)).

Then there exists an isomorphism &: 2'— X such that 2™({=—a}) = ——&(a)
for any 4 € Z. Moreover, & is determined uniquely up to sign.

The proof uses case considerations and will be given in a number of steps.
We use numeration of roots given in Tables of [4]. For d € X and 4’ € 2" we set

d = {=d}, & = {+d').

3.11.2. LEemya.  Proposition 5.11.) holds for roct systems of rank 2.

Proof. If X' is of type 4, then any bijection PX— PZX’ is induced by an
isomorphism % — X which is unique up to sign (because the Weyl group is the
vmmetric group on 3 letters and | PX = 3). If 2'is of tvpe B, then

a¥@ Va, —2a,) =a Ve — 2a,.

By changing a choice of simple root svstem we can assume that o*(7,) = a: .

a{a; — 2a,) = ay + 2a,. Now we have a®(@,) = @, or x (&) = a; — &G, -
These two cases are permuted by the reflection in a, (which does not affect our
previous choices. So we can assume that a®(a@;) = 4, , i.e., x* is induced by &
given by &(a;) = a; .

If 2 is of tvpe G, then the sybsystem 2 of long roots is of tvpe A; and therefore
the restriction of a* to PZ, is induced by an isomorphism &: 2, — 2. For
d € %, we have (by condition 5.11.1 (iii)) «*(d-) = &(d)* where d- is the positive
root orthogonal to d (orders on 5 and 5 are assumed to be respected bv ).
So setting %(d~) = 3(d)* we obtain a desired isomerphism.

5.11.3. Let us proceed by induction. First we identify 2 and X so tha:
o*: PZ —> PZ. Next we assume that Propositior: 5.11.% holds for anv prover
saturated subsvstem and apply this assumption to a speciallv chosen connected
saturated sybsystem 2 of maximal rank (the description of 2 is explicitly given
below). Then we can assume that &>: PX — P (applving if necessary an auto-
morphism of 2} and because of our induction assumptions we cen assume that
there exists & 5 — 5 such that x*(@) = &(@) for ¢ € £. Then we can assume that
&: 5 — Xis the identity map.

Let A4 be a subsystem of simple roots in X such that 4 = N 4 is a sub-
system of simple roots in 2. Since X is of maximal rank we have 4 — d =1
Let 4 — 4. Since & = id on 5 we see that condition 5.11(ili) becomes
«*(a) € PI1(Pa, PZ, PX). Then (with our choice of £') it turns ot that ir: ali cases
but ¥, we have , PII(Pa, PZ, PX); = 1 or 2. If . PII(Pa, PZ, PEY =1 thenit
means that «™(@) = @ and setting 5(a¢) = a we get the required map. if

PII(Pa, PZ, PY) = 2 then o*(@) = @ or 5, where & is ancther eiement of

181/60/2-11
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PII(Pa, PZ, P2). If o(@) = @ we set &a) = @ and we are done. If o*(@) = b
then it turns out (it is checked explicitly) that there exists an element e of the
Weyl group of X such that w = 5 & — —id on £, wz = 5. So we choose & by
setting it to be —1 on £ and setting &(a) = wa. Then we show that such
definitions do in fact satisfy o™(d) = E(aT) forallde 2.

Let us now make the necessary verifications. We take a system of simple roots
4 in X and take for a an extremal weight @; of the Dynkin diagram (the number
in the numeration of Tables of [4] will be specified below). Then we set
Ad=4—a, 5= QAN = We write I(a) for PII(Pa, PZ, PX) and describe
I1(a) by writing down positive roots b such that b € II(a).

If X is of type 4,,_;, take a = a, , then II(a) = {a}. If X' is of type B,.,, ,
take @ = a, , then II(a) = {a@,b}, b = a; + 25, a;. If Z is of type Cpyy s
take a = a , then II(a) = {a} If X is of type D,,_, , take a = a, then II(a) =
@b}, b=a, 2%, 6, @ — Gp,,. If 2 is of type Eg, E;, Eg, take
a=a,,a;,a respectn ely, then II(a) = {a}.

We recall that the case F, will be dealt with later. Let us now show that the
above constructions do indeed give us the required & (i.e., that o*(d) = &(d)
for all d € X). This follows from our result for rank 2 case (cf. 5.11.2) and the
following Lemma (which we apply with 2, = (Qa +~ Qc) N X where ¢ is the
unique neighbour of a in the Dynkin diagram of X).

5.11.4. Let X be a root system, let 4 be its subsystem of simple roots. Let
Z+ be the corresponding system of positive roots. For any subsystem X such
that 2 = —J5 we put - = 2N Z- and we denote by 4(X) the system of
simple roots in X which corresponds to £+, We take AC A with |4 — 4 | = 1
and such that 4 is connected and we set £ = Q4 N 3. Let 4, C A 4, =2,
|4,nd| =1, Z, = Q4, N Z. Assume that 4, is connected.

LEMMA. There exist connected saturated subsystems X, ,..., Z,, of rank 2 in 2
such that

(2) A(z',.)c(Uz,.)uz"', for i>1,

Jj<i

(b) 2‘¢(U zj)uz"', for i>1,

I<i

(c) Z= (Uz',)uz'

gm

Proof. Suppose that we have already constructed ZX,,..., X, such that
(Usce Z3) U & £ Z. Let a be the smallest root in 2+ — [(Uica Z' -} U £+] then
there exist b; € 4 and b, € 2~ such that b, + b, = a. Therefore b, < 4, whence
by € (Us<g Z57) U E-. The same inclusion holds for b, since b,c AC Z,+ U 4.
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Set 2,,, = (Qb; — Qb;) N Z. Then, by constructior, 2,,, satisfies {a) and {b},
as required.

5.11.5. Let us conclude the proof of 5.11.1 by

Lesnva.  Proposition 5.11.1 holds for type F, .

Proof. Let X be a system of type Fy, a™: PX — PX a map of 5.11.1. Let
2 be the subsystem of long roots. We have a*(PX;) = PZ; and since Z, is of
type D, there exists &: Z; — %, such that o™(@) = &,(a) for ac Z;. We can
assume that & ==id. Then for de X — X, we have PII(Pd, X, Z.) = {&}
whence it follows that setting &%(d) = 4 we get a desired map. Its unicity follows
from unicity of &, .

6. HomorrorpHISMS OF ADMISSIBLE GROUPS: PROGF OF THE MArx THEOREM

In this section we conclude the proof of the Main Theorem, stated in the
Introduction. Actually, what is left of the proof is completely formal and straighz-
forward. We continue to use notation of the preceding sectior.

6.1. For every d e X let ¢(d), A(d), I(d), B(d) be the data obtained from the
homomorphism a: G(d)(k) — G'((d)}(k') = G'(d)(k’} as described in Theorem
4.1.

Lexa.  o(d) does not depend on d e 2.

Proof. Clearly, d depends only on length of 4 (because roots of the same
length are permuted by the Weyl group of X' and because of 3.2). Lex &' be the
subsystem of long roots of X. Since the rank of 5 is the same as the rank of
Z, the above together with 3.7.1 shows that we have a map ¢° T'(k) — *T(&')
where ¢ = ¢(d) for de %,

In the basis ¢, , e, , ¢; constructed in the proof of 4.6 (the underiving quadratic
form is x,2 -+ x,2 -+ x,? in this basis) the elements from T(d)(k}, d € %, have the
form { % %) with a® + 52 = 1, a, be k. And the action of ¢(d) is given in this
basis by ¢(_52) = (_2%) 2%). Let @ be an extension of @ tc the quadratic
extension K of k; @ is unique since the integral closure A(—11%) of A in K is
unramified over 4. We can write @(a ~ (—1)1:%) = ¢(a) ~ (—1}12x(5)
whence we see that ¢(d) acts on T(d)(k) as @ on K* = Ker{Ny ,: K*— k).
Since T'(k) is the direct product of T(d), where 4 runs over a subsystem of simple
roots in 3, the same is true for T'(k). That is, @ acts on T(%) as the restriction of &
rom T(K).

Let now d be a short root. Then in the same way as above we find that ¢{d)
acts on T(d)(k) as the restriction of its extension ®(d) to X. To continue our
argument we need the following
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6.1.1. Leatva. Let Dy, D, be two places of K which coincide on K' =
Ker(Ng 3t K* — k*). Then they coincide.

Proof. The valuation rings of ®; and @, both contain Q. Therefore ¢; and
@, are trivial on Q and, in particular, they coincide on Q. Therefore they
coincide on Q((—1)!/2) too. Nextwe have @;(a — (—1)1/2b) = p,(a) - (— 1) 2p,(b)
where g; is the restriction of ®@; to k. Now @,((a + (—1)4/28) +— (a — (—1)*/%)) =
Dy((@ ~ (—1)42b) - (@ — (—1)4/?b)) = ¢(2a) = @5(24). Since P; coincide on
Q((— 1)) it follows that g,(a) = pu(a), ¢i(b) = py(b) whenever a® 4- b2 = 1.
Now we look at our construction of ¢ from a projective plane. We recall that
because of 1.2(iii) 7'(d)(%k) acts transitively on the set of lines through T(d)(k),
which means that K' acts transitively on PY{(k). This action is given by
x — (ax — b)/(—bx < a) where x € R CP(k) = k& U 0. Because of transitivity
we have: AU o = {(a — b)/(—b -+ a)|a,bek, a® L b = 1} (wetakex = 1).
Because of the above remarks it follows that @, coincide on k. Since A((—1)2)
is unramified over A we have @; = @, as claimed.

6.1.2. Proof of 6.1 continued. Now we again consider our short root d. We can
assume that there exist two long roots 4, , d, such that X, = (Qd, — Qd;) n X
is a connected rank 2 system and d € X, . Expressing d through d, , d, and taking
6.1.1 into account we obtain a relation @(d)* = $™ which implies (because
char £ = 0) that $(d) = @ as asserted.

6.2. Now we construct on G a structure of a group scheme over 4.

LemMA,  There exists on G a unique structure of a semi-simple group scheme G ,
over A such that for every admissible torus T and for every d € 2(G, T) the A-struc-
ture on G(d) determined according to 4.1 from the restriction of = to G(d) agrees with
the structure induced by G, .

Proof. Let us first prove existence. Unicity will be evident. Fix an admissible
torus T and set X' = X(G, T). Let 4 be a system of simple roots in X. For every
de 4 we have by 4.1 a structure G(d), of a semi-simple group scheme over
A on G(d). This gives us an 4-scheme structure on T'(d) = T N G(d), d e 4.
Since T is the direct product of T(d), d € 4, we get an A-structure on 7. Let
x3:Gux — G, de X, be K-homomorphisms which give a Chevalley para-
metrization of root subgroups. We can assume that for de 4-4 the maps
x4: Gy, a((_p1.2) —> G(d) give a Chevalley parametrization for G(d) 4(_p1z - This
defines a Chevalley group scheme G,z over A((—1)*/?) such that
G412 ® K = G_. Now use Appendix 2, Theorem 8.8 to define a group
scheme G, over A by setting d,,, = —1 for all a e X where ox = ¥ for xe K.
This group scheme is semi-simple (since it is a form of a Chevalley group
scheme). Clearly we have G, = G, Q@ k. For ded the restriction of our
structure to G(d) gives us G(d), (by 4.6) and we have G(d) 4(4) = G(d)(k) (by
4.1(ii)). Since any system of simple roots is conjugate to 4 by an element of the
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Weyl group and the latter is generated by its intersection with the G(d).(4).
d € 4, it follows that our construction does not depend on the choice of 4. By 3.7
and 3.5 it does not depend on the choice of an admissible torus 7. This proves the
existence. The proof also shows that our A4-structure is uniquelly determined by
the A-structures on G(d), d € 4, whence the unicity.

6.3. Now we show that G’ is actually defined over ¢(A). For convenience we
set & = p(4).

Leaxva.  There exist on G’ a unique structure of a group defined over k" such
that o(G(k)) € G'(R").

Proof. The proof of the above Lemma follows the same lines as the proof of
6.2. Let T be an admissible torus of G and let T’ be the Sariski-closure of
o T'(k)). For every d € 2¥(G, T) the closure G'(d) of «(G(d)(%)) is defined over £”
{by 4.1(ii1}). In particular, T'(d) = T' N G'(d) is defined over 2" This makes 7~
into a &"-torus since 7" is a product of T'(d), d€ 4, 4 a s‘mpie root syster: of
2(G, T). Now we choose x4 G, 1" ((_paz —> G'{d), —4 € 4, *c be a Chevalley
parametrization in G'(d), d € 4. This choice makes Gps(_;:, into a Chevaliey
group over &"((—1)'/2). Now define the action of Gai(2"((—1,%%)/k")by d, ,=—_
{c%. Appendix 2, 8.8, 8.9). This makes G’ into 2 k"-group anc agrees with the
structures on G'(d) given by 4.1(iii), 4.5.2. Since the Weyl group acts transitiveiv
or: the set of simpie root systems and is generated by its intersection with the

"(d), d € 4, it follows that the result of our constructior: does not depend or: *he
choice of 4 in Z(G, T). By 3.7, 3.5 it also does ot depend on the choice ¢f an
admissible T This proves the existence. The proof also shows that our 2"-struc-
ture on G’ is uniquelly determined by ones on G(d), d € 4, whence the unicity.

5.4. Finaily we must construct 8: °G4— G, .

Lesmaa.  There exists a unique central o A)-isogeny B: °G 4 — G, 4, such that
for any admissible torus T and every d € 2(G, T), the resiriciion B{d) of B to G(d}
is the map B of 4.1(iv) constructed from the restriction of « to G{d)(k).

Proof. 'We can assume without loss of generality that 2" = ¢(4) {ctherwise
replace k' by ¢(d)). Let T be an admissible torus of G, let T’ be the Zarisxi
ciosure of »(T(k)) and Iet &: Z(G, T)— 2(G, T) be an isomorphism of 5.1{ii}.
Let 4 be a simple root system in Z(G, T'). Then 4’ = 3(4) is a simple roo:
svstem in Z{G, T"). We denote B(d) the 8 given by 4.1(iv) from the restriction
of « to G{d)(k), de Z(G, T). So B(d):*G(d),— G;.. We choose a Chevaliev
parametrizations Xg: G, 1) = Gapyy of G4 over A({—1)1%), Next we
choose a Chevalley parametrization x43: G, 171y — G of Gj. over ' ((—1}42)
Ve can assume without any loss of generality that 8(d) - ¢° = x; = [,5,5,4, Where
&(d): 4 —{=1}. We can assume (replacing if necessary & by — 3} that e(d,) = 1
for at least one d,e4. Now we define 8 by Bog®cx; = xgq,, d€4. This
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defines a central k'-isogeny *G, — G, because d, , = dg ), = —1forallae 2
(cf. Appendix 2, Lemma 8.7). We want to prove that 8 coincides with §(d) for
de X. This is true by our choice of d; for B(d;). If p(d) # B °G(d), then
B(dX(¢"()) = B(¢"(t ™)) for t e T(d)(k) (since in this case the effect of f(d) and B
differ by a conjugation by 7 € N (o(T'(d)).

Now if ne Ng(T(d)), ded, then B(d)(n)¢ T’ and B(n) € T and since
Now@(T(@)/T(d) — Z{2, we have that B(d)(n) € f(n) - T". If n € Noaa(T(d)(R)
then it means that a(n) € B(n) - T". Since such the # generate the Weyl group of G
(when d varies over 4) we see that o(n) € £(n) - T’ for any n € Ngy(T'(k)). Now
a(ntn) = B(ntnY) if t e T(dp)(k), n € Nu(T'(k)), by our choice of d,. This
means that o(2) = B(¢) for all £ € T(k). It follows that B(d)(¢%(2)) = B(¢"(#)) for all
t € T(d)(k) (by the construction of B(d), cf. 4.1(iv)). This means that f(d) = B
for all d € 4. Now it follows from conjugacy of tori and from transitivity of the
Weyl group on the set of systems of simple roots that our Lemma holds.

6.5. We can conclude our proof with the

LevwMa. For B from Lemma 6.4 we have o(g) = B(¢"(g)) for all g € G(k).

Proof. We have ofg) = B(d)(¢%(g ) for g € G(d)(k), d € 4. By 6.4 it implies
that x(g) = B(¢%(g)) for g € G(d)(k), d € 4. A reference to 3.7 concludes the proof.

7. APPENDIX 1. A THEOREM ABOUT HOMOMORPHISMS OF
ProjJECTIVE SPACES

For convenience of reference we reprove below a theorem of W. Klingenberg
[8] and then restate it in the form we are going to use.

7.1. TuroreM. Let k and k' be fields and x: P2(k) — P*(k’) be a homomorphism
of projective planes (i.e., a mapping which maps lines into lines and such that
&(P(%)) is not contained in a line). Let V and V' be the underlying vector spaces of
P2(k) and P(k). Then

(i) there exists a unique place p: k — (k' U oo); let A = {ae k| p(a) # oo}
be the valuation ring of o,

(i) there exists a unique (up to multiplication by a scalar from k) free
A-submodule M of V,

(iil) there exists a unique (up to multiplication by a scalar from k'*) additive
map B: M — V' satisfying Blam) = ¢(a) B(m) for me M, ac A, such that for
any line L C V one has 3(L) = B(M N L).

7.1.1. Remark. 'The proof is the same as the standard proof of the Funda-
mental Theorem of Projective Geometry.

Notation. L stands for aline, [a, b] stands for a line passing through points &, b.
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7.2. Bur before giving a proof of the Theorem let us show that its converse is
also true.

PROFOSITION. Let k and k' be two fields and let ¢: k— k' be a place =ith
caluation ring A. Let V and V' be vector spaces over & and k' respectively and let Vi
be a free A-submodule of V. Let further B: M — V"' be an additive map such that
Blam) = o{a) B(m). Set &(L) = B(L N M) for a line LC V. Then % is a jomo-

morpkism of PA(k) to P(k').

Proof. Let I be the maximal ideal of 4. First we have to show that for any
line L = kx, xe ¥, £ =0, the d;I-module L N ML N I3 is free cn one
generator {that will mean that % is a map P2(k) — P%(k")). Lete, , ¢, , ¢, be a Dasis
of M. Write x = ae; + be, - ceq with a, b, c € k. We can assume that g, b, c = 4.
Then one of g, b, ¢ divides the other two (cf. [3, Chap. VI, Sect. i. Theorer: ()]
Say it is 2. Then replacing x by a~lx we can assume that x = ¢; — ae, — de, ,
a,5€ 4. Therefore LN MLNIM 0. Let yeL N 3. Then v = de; —
dae, — dbey, dek. Since ye W we have d=.i and therefore y ~IM C
Ax — IM, ie,L N M;L N IM is one-dimensicrai cver .1

Now let N = kx +— ky be a two-dimensional subspace of ¥ (i.e., a line of
P¥k)). Let us show that N N M'N N I3 is two-dimensional over .4, 1. (This
will mean that lines of P%%) are mapped into lires of PXk’).) As above we
write {without loss of generality) x = ¢, — ae, — be, anc we can assume now
that y = ce, — dey with ¢, de A. Then either ¢ divides d or 4 divides ¢ [3,
Chap. VI, Sect. 1, Theorem 1(d)]. Suppose ¢ divides d. Thea we can assume
J = e; — dey . This shows that dim . (N N M, NNIH) = 2. Let 2e N N i1
Then & = sy — iy, s, £ € k. Since M is free we have s, # € 4, whence the dimen-
sion of our quotient is exactly 2. This concludes the proof.

7.2.1. Remark. Tt should be noted that we have actually shown {withcut
assuming it} that the image of a line of P?(%) is never a point of P?(R").

7.3. Now let us pass to the proof of the Theorem. But first let us remark that
the on’y point which is not contained in the standard oroofs is the unicity of
lattice M.

7.3.1. We follow [6, Chap. III, Sect. 1] and refer to drawings there. First we
note that X(P¥k)) is a subplane of P?(%") which is automatically isomorphic {cf.
for example [18],) to P?(2") for some subfield 2" C &”. \We may {and shall}
assume that &' = &”. Let ¢; , €, , ¢ be a basis of V. Choose a basis ¢, , €, , 2 of
V such that G(ke;) = k'e; and F(k(e, + e3)) = k'(e; — ), a(kle, — e3)) =
F'(ez + ey). Introduce g: k — k' U 0 by &(k(ae, — 5)) = &'(plaje; — eg). We
have ¢(0) = 0, ¢(1) = 1". Let L, = ke; — ke, be the infinite line of P3(%’). We
identify subset V' = k(ke, — ke, + e;) of P%(k) with 2 two-dimensional vecte:
space cver k considering k(ae, — be, + €,) as a vector ag, — bé, .
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Similarly, we identify V' = &'(k'e, + K¢, + ¢;) with a two-dimensional vector
space over k'

7.3.2. LEMMA. ¢t k— k' U o0 is a place of k.

Proof. Let a,bek and suppose that g(a) # o, g(b) # co. Then the
reasoning and pictures in [6, Chap. ITI, Sect. 1] show that p(a + b) = ¢(a) -+
@(b), p(ab) = ¢(a) - p(b) (since constructions describing a -+ & and ab in P*(k)
are mapped by & on the corresponding constructions in P2(%’)). The same
argument shows that if (@) = o0, ¢(b) # oc then p(a 5 b) = ©

as can be seen from the above picture. It also shows that ¢(—a) = ©
(if ¢(a) = ). If ¢{a) = o0 and p(b) # 0 then we have the following picture
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whence ¢{ab) = oc. The similar picture shows also that p(a—2} = Cifp(2) =
and p{a—1) = oo if p(a) = 0. This concludes the proof of the Lemma.

7.3.3. LEmMA.  We have a(be;) = ¢(b)e, .

Proof. The assertion is already proved if 5 = 0. Since the lines parallel to
{8 , &) go under & into lines parallel to [g;, &, we have x(b5) = ¢(b)2, as
asserted.

7.34. Lesous. (i) If &(ag, + b2,) ¢ L., then 5(ag, — b8y} = ola) & + o(b) 3, .

(i) M = {ag, - b, , 3(ag, — be)) L.} is a free A-module (where
A ={aeck’ ¢(a) # c©0}) with basis &, 2, .

(iii) & M — V' is an additive map satisfying &(bm) = ¢(b) %m) for m € B,
bed.

Progf. Since the point a¢, — bé, can be obtained as an intersection of iines
parallel 70 [0, ¢,] and [0, ¢;] through @&, and be, respectively, and since this
construction is mapped by & onto a similar construction in V7, it follows that all
our operations may be considered in coordinates and then our lemma is cbvious.

Nowset R = {ae; — be, + ¢3' a, b € A} and let M be the d-submoduie of ¥
generated by R. Define B: M — V' by B(Zase;) = Zg(a;) e;

7.3.5. LemMA. M is a free A-module with basis ¢, , e, , 25 .

Proof. M contains e, — ez, €, - €5, €5 . Therefore M D Ae, — e, — Aey .
But by construction M C Ae; + Ar, + Ae; , whence our assertion.

7.3.6. LEMMA. For any ineL = kx C V, x # 0, we have %L) = B(L ~ M).

Proof. We already proved (cf. 3.4(i)) the above assertion for iines L such
that L N M C A4*(4, - Ae, + e;5). To show that the same holds for all Iines we
cover, as usual, P%(R) by three affine planes: V' = k{ke, — ke, - &), V, =
ke, + ke, — key), ¥, = k(ke, - e, — ke,), then we proceed with construction: of
@, B, R, M for each of those and then check that the results coincide.

Let us take ¥, . We know that &(k(e; — e5)) = %'(e; — €3). Let us show that
&l k(e~ +8)) = k’(e1 -L ;). We consider k(e, + ¢,) as the intersecticn of pianes
key + ke, and k(e, +— e;) — k(e, — ;). The image cf these planes under % is
k'e; + k'egand k'(e; - e;) + E'(e; — e;) (because of choice of the g; in 7.3.1 and
because 5:(——52) = d(k(e; — €5)) = —& = K'(e; — e,) by 7.3. 4’i,) The inter-
section of k'e; - k'e; and k'(e; - e5) - k'(es ~ ;) is k{e; + ez, whence
&(k(e, — e5)) = k(e + ;). Now we can applv our reasoning to ¥; (without
changing ba.1s As result we construct 3, , W, , R, , B, , ¢, . Webkave RN R, =
{e;p + paey - & [ae .4} and 7.3.4(i) is applicable on R N R, tc both p and ;.
So Ble; L a2, +- &) = &1 + p(@)e; + e = Byles + ag, + &) = &; — oilaje; + 4,
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whence ¢ = @, and therefore 8 = f (we have M = M, by 7.3.5). Since the
same argument applies to ¥, we have our Lemma.

7.3.6.1. Remarks. (i) There is nothing surprising that M turned out to be
free. Indeed, if M were “general” module then M would have a form M =
Je, -+ Ae, — Aey with a fractional ideal J. The condition dim M/IM = 3 which
we have forces J to be principal.

(i) Actually we proved more. Namely, we have shown that for any choice
of basis ¢ , e, , e; in T such that conditions of 3.1 are satisfied (i.e., {a(ke;)} is
a basis of V’ and a(k(e; + ¢;)) = k'(e; — ¢;)) we obtain that free module Z.de;
satisfies the conclusions of the Theorem.

7.3.7. LeMMa. If we change our choices of bases ey, e, e50f V'and e, , ¢, 3,
of V (subject to conditions stated in 1.3.1) then @, M, B are replaced by gpew = ¢
Myew = aM, a €k, Brew(ax) = bB(x), xe M, be k'*.

Proof. Let us consider first those changes of e, , e, € such that e; , ¢; , &
remain the same. Such changes can be decomposed into a product of a diagonal
transformation and of a transformation D e GL(M) = GL(3, 4) with D =
Id (mod I). For diagonal part we have ¢, , ¢, , ; are replaced by ae, , be, , ce;,
a, b, c € k. The condition (k(e; — e;)) = k'(ey + ¢;) impliesa = b = ¢. So M
is replaced by aM. Since the definition of ¢ depends only on ratios of coordinates
of a vector, we see that g is unchanged. The statement about B is clear.

For D e GL(M) with D = 1 mod I there is nothing to prove, since D does not
affect M, ¢ or .

Let us now change a basis of F’. Then there exists g’ € GL(V"') such that the
newbasisisg’e; , g'e , g'es . If we were able to find g € GL(:M) such that ¢%(g) = g’
then we would be through. But GL(}{) contains all permutation matrices, all
unipotent matrices with elements from A4 and also all dilations e, — ae, ,
e;—e;,1>2, ac A*. Since ¢: 4 —k and ¢*: A* — k* are onto it follows
that ¢%: GL(M)— GL(V’) is also surjective, as required.

7.4. To be consistent with our later approach let us restate our theorm.
Tueorem. Let k, k' be fields and let a: P¥k) —P*(k') be a homomorphism
of projective planes such that »(P%(R)) is not contained in a line. Then

(i) there exists a unique place ¢: k— k'; let A be its valuation ring,

(i) there exists a unique structure of a projective plane over A om Pk,
(iii) there exists a unique structure of a plane over p(A) on P3. ,
(iv) there exists a unique p(A)-isomorphism f: °P 2 — Pi.

such that
& = ,g o .
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Proof. 'The only new ingredient (compared with our originai Theorem 7.1) iz
(iti). To prove (iii) we remark (as we did before) that 3(P(%)) is a subplane of
P2(k'), i.e., (P¥k)) = P(k") for k" C k'. This P*(%") gives Pi. the 2"-structure.
It remains to notice that &” = ¢(4).

7.4.1. Remark. TUsing language proposed by Tits in [15] we can say that %
is 2 composition of reduction modulo J and of 2 semi-algebraic isomorphism:.

3. APPENDIX 2. Forys oF CHEvVALiEY GROUP SCEEMES

Our aim here is to give a convenient (for our pruposes) way to describe semi-
simple group schemes which are split by some étale extension. In the case of
fields our description coincides with that of Satake {{13], 13, Remark 1).

8.1. Let S = Spec A4, where 4 is a local domain. Since 4 is local an étale
cover is the same as a Galois extension of A. Let G be 2 semi-sirzple group scheme
over S and let T be 2 maximal S-torus of G. We know ([3], X, Corollzire 4.5) that
T is spiit over some Galois extension S; = Spec 4, of S. Let I" be the Gzlois
group of A, over . Fix some épinglage of G over .§; with respect to 7. Let
Z = Z(G, T) be the root system of G with respect to 7. One can consider 2 as
a constant scheme over S, (cf. [5], XIX, Proposition 3.8). Let ¢, , 2 2, be the
basis over 4, of the complement to Lie 7 in Lie G corresponding to the chosen
épinglage. Now I" acts on (Lie G)(4,) by A-automorphisms and preserves 7.
Therefore ¢,°€ 4, e,(,.,) for any ae X and any cel'. It is easy to see that
g: '® 22— 2 is an action of I" on Z, Le., it determines & hemomorphism
w: I'— Aut X {Recall, that in our situation we can corsider Aut 2 as a constant
group scheme over 4,, cf. ([5], XXIV, Proposition 2.6}. We shail write o2
instead of w(o)a forae 2, oI

Since the e, are canonically part of a basis of Lie G over 4, , we have ¢,° =
d, .0 With d, ,€ A¥. Thus we obtain a map d: ' & I'— AF.

We can assume that our Chevally basis of Lie G over 4, is obtaired by a base
change from a Chevalley basis of a Lie algebra g, overZ. Let \ , be the structure
constants of g;: [e, , €] = Ng.4€s-p Where N, , = 0iff a — b £ 2. It follows from
properiies of Chevalley bases that NNy, ,, = —iV,; for any @ € Aut 2. Define
a map € from a subset of 2 X 2 X Aut X into Z* = {31} by N,g o =
efa, b, w)N,pifa — be X If a 4 b ¢ X we do not define «.

8.2. Lesvia.  The numbers d, , € A} (a € Z, o € I') satisfy relations

f - o
(1) aa,u'r = d.—a,uda,-r
[E1AY __ g1
1y d—a.a - da,a'

(i) dyp. = (@, b, (o)) dy.odyqif a - beZ.
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Proof. We can assume that G is simply connected. First we have d, ..., =
e = () = (dg,+80a)° = drg,00,,65- Whence (i). To prove (i) consider
[es , e_4] = h, (which holds for all 2 € X because G is simply connected). We
have ,° = h,, (by the definition of action of I'on X) and [¢, , e_,]° = [¢,%, €%,] =
[da,aeaa ’ d—a.ae—oa] whence (ll)

To prove (iii) we proceed as follows. We have [, , ;] = N 64,5 (if2 — b€ X).
Therefore dy,ods,oNog,b80(a-1) = [€2s €]° = (Na,08040)” = N, 0.6%0.+9,080(a+5) Whence

da.o'db,rNaa.ob = Na.bdu-!-b.a .

This implies (iii) unless N, ; = 0 (in 4,). Of course, this happens if and only if
Nyg,o0 = 0. But N, ; can be zero in 4, for a + b€ X only in few cases. We
consider them separately.

(a) 24 = 0; X of type B,; a, b are short roots with angle =/2. But then
we have N, 5 # 0 whence d, 4, , = d,,. Apply (ii) and get d,.; , =
dy /4, as desired.

(b) 24 =0; Z of type G,; a, b short with angle 27/3. But then N, , %0
and we proceed as in (a).

() 34 =0, X of type G,; a, b short with angle #/3. Then we take in
([14, Sect. 10, No. 2 about G;] @ = o +— 8, b = 2« + 38. We see that N, , =
3N_g.04p Whence (a, b, w) = e(—a, a — b, w) for all w € Aut 2. On the other
hand N_, ,,» =1 whence d_, ,d,.4,, = «(—a, a + b, w(o))d, , . Using (ii) and
the above remark about € we obtain (iii). This concludes the proof.

8.2.1. Remarks. (i) One can work directly in the group and use commutation
relations there. In fact, estetically this approach would be better.

(i) The numbers d, , depend on a choice of a Chevalley basis.

8.3. DEFINITION. Given a homomorphism w: I'— Aut X we call two maps
d,d: 2 Q@ I'— Af equivalent if there exists a map m:Z— AY satisfying
mamy = Mgy, if a, b, a + be Z and such that d, , = m;d, mc.

8.4. Now we are going to show that our map d: X & I'— AF actually
determines a cocycle from I" with values in the automorphism scheme of a
Chevalley group scheme. This implies that d satisfying conditions (i)~(iii) of
Lemma 8.2 determines some form of a Chevalley group scheme.

Let G, be a Chevalley group scheme over .4 which is isomorphic to G over
A, and let T, be a maximal split A-torus of G, . Suppose that we are given an
épinglage of G over 4; and an epinglage of G, over 4 which are obtained from
the same epinglage over Z by base extension. Then there exists an .4,-isomor-
phism 4: Gy— G which maps T, into T and one epinglage into another.
Consider A7'h° € Auts_5;G, . Then #72h° is a cocycle from I' to (Auts_Go)(4;)
but actually its values are in the normalizer N of T} in (Auts_5,Go)(4,;). We have
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an exact sequence 1 — T — N — Aut Z— | where T, is the centraiizer of
T, in Auig_,,G, . This gives us a map 8: HE(I', N(K)) — HL{T, Aut Z). Since
G, is split we have that Aut X is a constant group S-scheme {cf. [5, Chap. 24.
Proposition 2.6]. Therefore H(T, Aut Z) = Homy(I", Aut Z). Thus to our
cceycle A7*h° there corresponds a homomorphism w: I —Aut X, Let us
consider the action of A4 on the Chevalley basis of Lie G, corresponding to
our epinglage. It is easy to see that we have A%, = d, e,(y, forac Z. ¢ I
where d, . are constructed from the given epinglage of G as described in tne
beginning of this Appendix. To sum up our conclusions we have

8.4. LExva.  The data:  homomorphism w: I — N(4)iT(A4) C Aut X
together with a map d: Z Q I' — AF satisfying (3), (ii), {(iii) of Lemma 8.2 describes
a cocyele from I to No(4,). If its image in HY(T, (Autg_5,G,)(A,)) determines a
group scheme G then o and d are reconstructible from G as described in the beginning
of this 4 pendix.

8.5. CoroLLARY. The data: o: I — N(A4,)iTo(d,) = Avt X together with a

map d: X 2 I’ — AY satisfying (i), (ii), (iii) of Lemma 8.2 describes a semi-simple
gioup scheme over A split by A, .

8.5.1. Remarks. (i) We actually need only Coroilary. Cocycles were intro-
Guced because there is a reference [5, Chap. 24, Corollaire 1.18] whick savs that
cocycles do define a form of a Chevallev group scheme.

(ii) We can not take arbitrary w: I'— Aut J because the image of I" must
act on the center of G (or, the same, on the lattice of weights of T). For absoluteiy
simple groups this is a restriction only for groups of type D,, .

Let us make several other observations

8.6. LEanya. Let d,d": X '8 I’ — Ay be izvo maps satisfying (1), (ii), (i) of
Lemma 8.2 with the same w: I'— Aut X. If d, d’ are equivalent in the sense of
Definition 8.3 the corresponding cocycles are cohomologous with respect to T, =
Zaat 6 To)-

Proof is evident (if needed at all).

8.6.i. Remark. It is easy to see that multiplication on tt:e left by & cocvcle
from I' 10 T¢(A,;) maps a cocycle from I" to Ny(d,) to a cocvele from I' o
No(<d:). The question arises whether it determines an action of HYI", T on
HYI, Auig_g,Gy).

8.7. Lexiva. Let G, G’ be two semi-simple A-group schemes, both having
maximal tori T, T' split over A, . Suppose that
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(i) there exists a central Ay-isogeny B: G — G’ mapping T to T",

(i) the homomorphisms w, w': I' — Aut X and the maps d,d": 2 @ I' — Af
defined by (G, T') and (G', T") respectively are the same with respect to epinglages
connected by B.

Then B is an A-isogeny.
We omit a proof.

8.8. We need only a very special case of above discussions.

THEOREM. Let A; be a quadratic Galois extension of A, o€ Gal(4,/4),
o # 1. For every Chevalley group scheme over A there exists its A-form split by A,
determined by conditions

() o(e)=—lcAutX
(i) dyo=—1,d,,=1forall ac X,

Proof. Since —1 € Aut 2 preserves any lattice between lattice of weights and
lattice of roots, we see that (i) does not lead to a contradiction. It remains to
verify (i), (ii), (iii) of Lemma 8.2. The first one, (i), is trivial since o? = 1, (ii)
is also evident. Now (iii) follows from the condition N_, , = —N,, which
holds for Chevalley bases.

8.9. CoroLLARY. Let A be an integral domain and suppose that A((—1)*2) is
unramified over A. Let 1 # o € Gal(A((—1)'/2)/A). Then the data described in
Theorem 8.8 determines an A-form of a Chevalley group scheme over A. This group
scheme is obtained by base change fromZ to A from a form of a Chevalley group
scheme over Z defined similarly (with A = Z).
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